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FLOER FIELD PHILOSOPHY
KATRIN WEHRHEIM
Abstract. Floer field theory is a construction principle for e.g. 3-manifold in-
variants via decomposition in a bordism category and a functor to the symplectic
category, and is conjectured to have natural 4-dimensional extensions. This survey
provides an introduction to the categorical language for the construction and ex-
tension principles and provides the basic intuition for two gauge theoretic examples
which conceptually frame Atiyah-Floer type conjectures in Donaldson theory as well
as the relations of Heegaard Floer homology to Seiberg-Witten theory.
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1. Introduction
In the 1980s the areas of low dimensional topology and symplectic geometry both
saw important progress arise from the study of moduli spaces of solutions of nonlin-
ear elliptic PDEs. In the study of smooth four-manifolds, Donaldson [14] introduced
the use of ASD Yang-Mills instantons1, which were soon followed by Seiberg-Witten
1 A smooth four manifold can be thought of as a curved 4-dimensional space-time. ASD (anti-self-
dual) instantons in this space-time satisfy a reduction of Maxwell’s equations for the electro-magnetic
potential in vacuum, which has an infinite dimensional gauge symmetry.
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2 KATRIN WEHRHEIM
equations [55] – another gauge theoretic2 PDE. In the study of symplectic manifolds,
Gromov [28] introduced pseudoholomorphic curves3 In both subjects Floer [22, 23]
then introduced a new approach to infinite dimensional Morse theory4 based on the
respective PDEs. This sparked the construction of various algebraic structures – such
as the Fukaya A∞-category of a symplectic manifold [67], a Chern-Simons field the-
ory for 3-manifolds and 4-cobordisms [16], and analogous Seiberg-Witten 3-manifold
invariants [35] – from these and related PDEs, which encode significant topological
information on the underlying manifolds. Chern-Simons field theory in particular
comprises the Donaldson invariants of 4-manifolds, together with algebraic tools to
calculate these by decomposing a closed 4-manifold into 4-manifolds whose common
boundary is given by a 3-dimensional submanifold. This strategy of decomposition
into simpler pieces inspired the new topic of “topological (quantum) field theory”
[2, 44, 66, 91], in which the properties of such theories are described and studied.
In trying to extend the field-theoretic strategy to the decomposition of 3-manifolds
along 2-dimensional submanifolds, Floer and Atiyah [3] realized a connection to sym-
plectic geometry: A degeneration of the ASD Yang-Mills equation on a 4-manifold
with 2-dimensional fibers Σ yields the Cauchy-Riemann equation on a (singular)
symplectic manifold MΣ given by the flat connections on Σ modulo gauge symme-
tries. Along with this, 3-dimensional handlebodies H with boundary ∂H = Σ induce
Lagrangian submanifolds LH ⊂MΣ given by the boundary restrictions of flat connec-
tions on H. Now Lagrangians5 are the most fundamental topological object studied
in symplectic geometry. They are often studied by means of the Floer homology
HF (L0, L1) of pairs of Lagrangians, which arises from a complex that is generated by
the intersection points L0 ∩ L1 and whose homology is invariant under Hamiltonian
deformations of the Lagrangians. For the pair LH0 , LH1 ⊂MΣ arising from the split-
ting Y = H0∪ΣH1 of a 3-manifold into two handlebodies H0, H1, these generators are
naturally identified with the generators of the instanton Floer homology HFinst(Y ),
given by flat connections on Y modulo gauge symmetries. (Indeed, restricting the
latter to Σ ⊂ Y yields a flat connection on Σ that extends to both H0 and H1 – in
other words, an intersection point of LH0 with LH1 .)
These observations inspired the Atiyah-Floer conjecture
HFinst(H0 ∪Σ H1) ' HF (LH0 , LH1),
which asserts an equivalence between the differentials on the Floer complexes – arising
from ASD instantons on R× Y and pseudoholomorphic maps R× [0, 1]→ MΣ with
2In mathematics, “gauge theory” refers to the study of connections on principal bundles, where
“gauge symmetries” arise from the pullback action by bundle isomorphisms; see e.g. [72, App.A].
3Symplectic manifolds can be thought of as the configuration spaces of classical mechanical sys-
tems, with the position-momentum pairing providing the symplectic structure as well as a class of
almost complex structures J . Pseudoholomorphic curves can then be thought of as 2-dimensional
surfaces in a 2n-dimensional symplectic ambient space, which can be locally described as the image
of 2n real valued functions u of a complex variable z = x + iy that satisfy a generalized Cauchy-
Riemann equation ∂xu = J(u) ∂yu.
4 Morse theory captures the topological shape of a space by studying critical points of a function
and flow lines of its gradient vector field. In finite dimensions it yields a complex whose homology
is independent of choices (e.g. of function) and in fact equals the singular homology of the space.
5Throughout this paper, the term “Lagrangian” refers to a half-dimensional isotropic submanifold
of a symplectic manifold – corresponding to fixing the integrals of motion, e.g. the momentums.
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boundary values on LH0 , LH1 , respectively. While this conjecture is not well defined
due to singularities in the symplectic manifolds MΣ, and the proof of a well defined
version by Dostoglou-Salamon [18] required hard adiabatic limit analysis, the under-
lying ideas sparked inquiry into relationships between low dimensional topology and
symplectic geometry. At this point, the two fields are at least as tightly intertwined as
algebraic and symplectic geometry (via mirror symmetry), most notably through the
Heegaard-Floer invariants for 3- and 4-manifolds (as well as knots and links),
which were discovered by Ozsvath-Szabo [56] by following the line of argument of
Atiyah and Floer in the case of Seiberg-Witten theory. In both cases the concept for
the construction of an invariant of 3-manifolds Y is the same:
(1) Split Y = H0 ∪Σ H1 along a surface Σ into two handlebodies Hi with ∂Hi = Σ.
(2) Represent the dividing surface Σ by a symplectic manifold MΣ and the two han-
dlebodies by Lagrangians LHi ⊂ MΣ arising from dimensional reductions of a
gauge theory which is known to yield topological invariants.
(3) Take the Lagrangian Floer homology HF (LH0 , LH1) of the pair of Lagrangians.
(4) Argue that different splittings yield isomorphic Floer homology groups – due to
an isomorphism to a gauge theoretic invariant of Y or by direct symplectic isomor-
phisms HF (LH0 , LH1) ' HF (LH˜0 , LH˜1) for different splittings Y = H˜0 ∪Σ˜ H˜1.
Floer field theory is an extension of this approach to more general decompositions of
3-manifolds, by phrasing Step 4 above as the existence of a functor between topological
and symplectic categories that extends the association
Σ 7→MΣ, H 7→ LH , ∂H = Σ ⇒ LH ⊂MΣ.
It gives a conceptual explanation for Step 4 invariance proofs such as [56] which
bypass a comparison to the gauge theory by directly relating the Floer homologies
of Lagrangians LH0 , LH1 ⊂ MΣ and LH˜0 , LH˜1 ⊂ MΣ˜. Since these can arise from
surfaces Σ 6' Σ˜ of different genus, the comparison between pseudoholomorphic curves
in symplectic manifolds MΣ 6' MΣ˜ of different dimension must crucially use the
fact that the Lagrangian boundary conditions encode different splittings of the same
3-manifold. Floer field theory encodes this as an isomorphism between algebraic
compositions of the Lagrangians, which in turn yields isomorphic Floer homologies
(a strategy that we elaborate on in §2.4 and §3.5),
H0 ∪Σ H1 ' H˜0 ∪Σ˜ H˜1 =⇒ LH0#LH1 ∼ LH˜0#LH˜1
=⇒ HF (LH0 , LH1) ' HF (LH˜0 , LH˜1).
Floer field theory, in particular its key isomorphism of Floer homologies [83] hinted
at above, was discovered by the author and Woodward [85, 86] when attempting to
formulate well defined versions of the Atiyah-Floer conjecture. While the isomorphism
of Floer homologies in [83] is usually formulated in terms of strip-shrinking in a
new notion of quilted Floer homology [80], it can be expressed purely in terms of
Floer homologies of pairs of Lagrangians, which lie in different products of symplectic
manifolds. In this language, strip shrinking then is a degeneration of the Cauchy-
Riemann operator to a limit in which the curves in one factor of the product of
symplectic manifolds become trivial. (For more details, see §3.5.) This relation
between pseudoholomorphic curves in different symplectic manifolds then provides a
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purely symplectic analogue of the adiabatic limit in [18], which relates ASD instantons
to pseudoholomorphic curves.
The value of Floer field theory to 3-manifold topology is mostly of philo-
sophical nature – giving a conceptual understanding for invariance proofs and a
general construction principle for 3-manifold invariants (and similarly for knots and
links), which has since been applied in a variety of contexts [5, 38, 46, 60, 85, 86]. One
main purpose of this paper and the content of §2 is to explain this philosophy and
cast the construction principle into rigorous mathematical terms. For that purpose
§2.1 gives brief expositions of the notions of categories and functors, the category
Cat, and bordism categories Bord+1. After introducing the symplectic category Symp
in §2.2, the categorical structure in symplectic geometry that can be related to low
dimensional topology, in §2.3 we cast the concept of Cerf decompositions (cutting
manifolds into simple cobordisms) into abstract categorical terms that apply equally
to bordism categories and our construction of the symplectic category. We then ex-
ploit the existence of Cerf decompositions in Bord+1 and Symp together with a Yoneda
functor Symp→ Cat (see Lemma 3.5.6) to formulate a general construction principle
for Floer field theories. This notion of Floer field theory is defined in §2.4 as a functor
Bord+1 → Cat that factors through Symp. This construction is exemplified in §2.5 by
naive versions of two gauge theoretic examples related to Yang-Mills-Donaldson resp.
Seiberg-Witten theory in dimensions 2+1. Finally, §2.6 explains how this yields con-
jectural symplectic versions of the gauge theoretic 3-manifold invariants, as predicted
by Atiyah and Floer.
The second purpose of this paper and content of §3 is to lay some foundations
for an extension of Floer field theories to dimension 4. Our goal here is
to provide a rigorous exposition of the algebraic language in which this extension
principle can be formulated – at a level of sophistication that is easily accessible
to geometers while sufficient for applications. Thus we review in detail the notions
of 2-categories and bicategories in §3.1, including the 2-category Cat of (categories,
functors, natural transformations), explicitly construct a bordism bicategory Bor2+1+1
in §3.2, and summarize notions and Yoneda constructions of 2-functors between these
higher categories in §3.3. Moreover, §3.5 outlines the construction of symplectic 2-
categories, based on abstract categorical notions of adjoints and quilt diagrams that
we develop in §3.4. The latter transfers notions of adjunction and spherical string
diagrams from monoidal categories into settings without natural monoidal structure.
This provides sufficient language to at least advertise an extension principle which we
further discuss in [79]:
Any Floer field theory Bor2+1 → Symp → Cat which satisfies a quilted naturality
axiom has a natural extension to a 2-functor Bor2+1+1 → Symp→ Cat.
This says in particular that any 3-manifold invariant which is constructed along the
lines of the Atiyah-Floer conjecture naturally induces a 4-manifold invariant. While
it does seem surprising, such a result could be motivated from the point of view
of gauge theory, since the Atiyah-Floer conjecture and Heegaard-Floer theory were
inspired by dimensional reductions of 3+1 field theories Bor3+1 → C. It also can
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be viewed as a pedestrian version of the cobordism hypothesis [44]6, saying that a
functor Bor2+1+ → Symp (where the  stands for compatibility with diffeomorphisms
of 3-manifolds) has a canonical extension Bor2+1+1 → Symp.
Finally, the extensions of Floer field theory to dimension 4 are again expected
to be isomorphic to the associated gauge theoretic 4-manifold invariants, in a way
that is compatible with decomposition into 3- and 2-manifolds. We phrase these
expectations in §3.6 as quilted Atiyah-Floer conjectures, which identify field
theories Bor2+1+1 → C. The last section §3.6 also demonstrates the construction
principle for 2-categories via associating elliptic PDEs to quilt diagrams in several
more gauge theoretic examples, which provide not only the proper context for stating
all the generalized Atiyah-Floer conjectures, but also yield conceptually clear contexts
for the various approaches to their proofs.
While this 2+1 field theoretic circle of ideas has been and used in various publi-
cations, its rigorous abstract formulation in terms of a notion of “category with Cerf
decompositions” is new to the best of the author’s knowledge. Similarly, the notions
of bordism bicategories, the symplectic 2-category, generalized string diagrams, and
field theoretic proofs of Floer homology isomorphisms have been known and (at least
implicitly) used in similar contexts, but are here cast into a new concept of “quilted
bicategories” which will be central to the extension principle – both of which seem
significantly beyond the known circle of ideas. Finally, note that Floer field theory
should not be confused with the symplectic field theory (SFT) introduced by [21], in
which another symplectic category – given by contact-type manifolds and symplectic
cobordisms – is the domain, not the target of a functor.
We end this introduction by a more detailed explanation of the notion of an “in-
variant” as it applies to the study of topological or smooth compact manifolds, and
a very brief introduction to the resulting classification of manifolds.
1.1. A brief introduction to invariants of manifolds. In order to classify man-
ifolds of a fixed dimension n up to diffeomorphism, one would ideally like to have
a complete invariant I : Mann → C. Here Mann is the category of n-manifolds and
diffeomorphisms between them (see Example 2.1.4), and C is a category such as C = Z
with trivial morphisms or the category C = Gr of groups and homomorphisms. Such
I is an invariant if it is a functor (see Definition 2.1.3), since this guarantees that
diffeomorphic manifolds are mapped to isomorphic objects of C (e.g. the same integer
or isomorphic groups). In other words, functoriality guarantees that I induces a well
defined map |I| : |Mann| → |C| from diffeomorphism classes of manifolds to e.g. Z
or isomorphism classes of groups. Such an invariant lets us distinguish manifolds: If
6 Lurie’s constructions involve the canonical extension of a functor Bor0+1+...+ → C to
Bor0+1+...+1 → C. However, this requires an extension of the field theory to dimensions 1 and
0 (which we do not even have ideas for) as well as a monoidal structure on the target category C
(which is lacking at present because the gauge theoretic functors are well defined only on the con-
nected bordism category). On the other hand, we have other categorical structures at our disposal,
which we formalize in §3.4 as the notion of a quilted 2-category (akin to a spherical 2-category
as described in [45]). In that language, the diagram of a Morse 2-function as in [26] expresses a
4-manifold as a quilt diagram in the bordism bicategory Bor2+1+1. Now the key idea for [79] is
that a functor Bor2+1 → Symp translates the diagram of a 4-manifold into a quilt diagram in the
symplectic 2-category in §3.5, where it is reinterpreted in terms of pseudoholomorphic curves.
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I(X), I(Y ) are not isomorphic (i.e. |I|([X]) 6= |I|([Y ])) thenX and Y cannot be diffeo-
morphic. Moreover, an invariant is called “complete” if an isomorphism I(X) ' I(Y )
implies the existence of a diffeomorphism X ' Y , i.e. |I|([X]) = |I|([Y ])⇒ [X] = [Y ].
Simple examples of invariants – when restricting Mann to compact oriented mani-
folds – are the homology groups Hk : Mann → Groups for fixed k ∈ N0 or their rank,
i.e. the Betti numbers βk : Mann → Z. These are in fact topological – rather than
smooth – invariants since homeomorphic – rather than just diffeomorphic – manifolds
have isomorphic homology groups. The 0-th Betti number β0 is complete for n = 0, 1
since it determines the number of connected components, and there is only one com-
pact, connected manifold of dimension 0 (the point) or 1 (the circle). The first more
nontrivial complete invariant – now also restricting to connected manifolds – is the
first Betti number β1 : Man2 → Z, since compact, connected, oriented 2-manifolds
are determined by their genus g = 1
2
β1.
The fundamental group pi1 : Mann → Gr is not strictly well defined since it requires
the choice of a base point and thus is a functor on the category of manifolds with
a marked point. However, for connected manifolds it still induces a well defined
map |pi1| : |Mann| → |Gr| from manifolds modulo diffeomorphism to groups modulo
isomorphism, since change of base point induces an isomorphism of fundamental
groups. Viewing this as an invariant, it is complete for n = 0, 1, 2. In dimension n = 3,
completeness would mean that the isomorphism type of the fundamental group of a
(compact, connected) 3-manifold determines the 3-manifold up to diffeomorphism.
This is true in the case of the trivial fundamental group: By the Poincare´ conjecture,
any simply connected 3-manifold “is the 3-sphere”, i.e. is diffeomorphic to S3. It is
also true for a large class (irreducible, non-spherical) of 3-manifolds, but there are
plenty of groups that can be represented by many non-diffeomorphic 3-manifolds,
e.g. lens spaces and connected sums with them (see [30, 1] for surveys). Thus |pi1|
is a useful but incomplete invariant of closed, connected 3-manifolds. In dimension
n ≥ 4 however, the classification question should be posed for fixed |pi1| since on the
one hand any finitely presented group appears as the fundamental group of a closed,
connected n-manifold, and on the other hand the classification of finitely presented
groups is a wide open problem itself.7
Moreover, while in dimension n ≤ 3, the classifications up to homeomorphism and
up to diffeomorphism coincide (i.e. topological n-manifolds can be equipped with a
unique smooth structure), these differ in dimensions n ≥ 4. In dimension n ≥ 5, both
classifications can be undertaken with the help of surgery theory introduced by Milnor
[53]. In dimension 4, the classification of smooth 4-manifolds differs drastically from
that of topological manifolds (see [65] for a survey). Here gauge theory – starting
with the work of Donaldson, and continuing with Seiberg-Witten theory – is the
main source of invariants which can differentiate between different smooth structures
on the same topological manifold. In particular, Donaldson’s first results using ASD
Yang-Mills instantons [14] showed that a large number of topological manifolds (those
with non-diagonalizable definite intersection form H2(X;Z)×H2(X;Z)→ Z) in fact
do not support any smooth structure.
7 As a matter of curiosity: The group isomorphism problem – determining whether different finite
group presentations define isomorphic groups – is undecidable, i.e. cannot be solved for all general
presentations by an algorithm; see e.g. [33].
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2. Floer field theory
2.1. Categories and functors.
Definition 2.1.1. A category8 C consists of
• a set ObjC of objects,
• for each pair x1, x2 ∈ ObjC a set of morphisms MorC(x1, x2),
• for each triple x1, x2, x3 ∈ ObjC a composition map
MorC(x1, x2)×MorC(x2, x3)→ MorC(x1, x3), (f12, f23) 7→ f12 ◦ f23,
such that
• composition is associative, i.e. we have (f12 ◦ f23) ◦ f34 = f12 ◦ (f23 ◦ f34) for any
triple of composable morphisms f12, f23, f34,
• composition has identities, i.e. for each x ∈ ObjC there exists a unique9 morphism
idx ∈ MorC(x, x) such that idx ◦ f = f and g ◦ idx = g hold for any f ∈ MorC(x, y)
and g ∈ MorC(y, x).
The very first example of a category consists of objects that are sets (possibly with
extra structure such as a linear structure, metric, or smooth manifold structure),
morphisms that are maps (preserving the extra structure), composition given by
composition of maps, and identities given by the identity maps. The following bordism
categories contain more general morphisms, which are more rigorously constructed in
Remark 3.2.2.
Example 2.1.2. The bordism category Bord+1 in dimension d ≥ 0 is roughly
defined as follows; see Figure 1 for illustration.
• Objects are the closed, oriented, d-dimensional manifolds Σ.
• Morphisms in Mor(Σ1,Σ2) are the compact, oriented, (d + 1)-dimensional cobor-
disms Y with identification of the boundary ∂Y ' Σ−1 unionsqΣ2, modulo diffeomorphisms
relative to the boundary.
• Composition of morphisms [Y12] ∈ Mor(Σ1,Σ2) and [Y23] ∈ Mor(Σ2,Σ3) is given by
gluing [Y12] ◦ [Y23] := [Y12 ∪Σ2 Y23] ∈ Mor(Σ1,Σ3) along the common boundary.
Here one needs to be careful to include the choice of boundary identifications in the
notion of morphism. Thus a diffeomorphism φ : Σ0 → Σ1 can be cast as a morphism
(2.1.1) Zφ :=
[(
[0, 1]× Σ1, {0} × φ, {1} × idΣ1
)] ∈ MorBord+1(Σ0,Σ1)
given by the cobordism [0, 1] × Σ1 with boundary identifications {0} × φ : Σ0 →
{0} × Σ1 and {1} × idΣ1 : Σ1 → {1} × Σ1, as illustrated in Figure 2. In that sense,
the identity morphisms idΣ = ZidΣ are given by the identity maps idΣ : Σ→ Σ.
Equipping the composed morphism [Y12] ◦ [Y23] with a smooth structure moreover
requires a choice of tubular neighbourhoods of Σ2 in the gluing operation. The good
news is that gluing with respect to different choices yields diffeomorphic results, so
that composition is well defined. The interesting news is that this ambiguity in the
composition precludes the extension to a 2-category; see Example 3.2.3.
8 Throughout, all categories are meant to be small, i.e. consist of sets of objects and morphisms.
However, we will usually neglect to specify constructions in sufficient detail – e.g. require manifolds
to be submanifolds of some RN – in order to obtain sets.
9 Note that uniqueness follows immediately from the defining properties: If id′x is another identity
morphism then we have id′x = id
′
x ◦ idx = idx.
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Figure 1. The bordism category Bor2+1.
The notion of categories becomes most useful in the notion of a functor relating
two categories, since preservation of various structures (composition and identities)
can be expressed efficiently as “functoriality”.
Definition 2.1.3. A functor F : C → D between two categories C,D consists of
• a map F : ObjC → ObjD between the sets of objects,
• for each pair x1, x2 ∈ ObjC a map Fx1,x2 : MorC(x1, x2)→ MorD(F(x1),F(x2)),
that are compatible with identities and composition, i.e.
idF(x) = Fx,x(idx) Fx1,x3(f12 ◦ f23) = Fx1,x2(f12) ◦ Fx2,x3(f23).
For example, the inclusion of diffeomorphisms into the bordism category in Exam-
ple 2.1.2 can be phrased as a functor as follows.
Example 2.1.4. Let Mand be the category consisting of the same objects as Bord+1,
morphisms given by diffeomorphisms, and composition given by composition of maps.
Then there is a functor Mand → Bord+1 given by
• the identity map between the sets of objects,
• for each pair Σ0,Σ1 of diffeomorphic d-manifolds the map MorMand(Σ0,Σ1) →
MorBord+1(Σ0,Σ1) that associates to a diffeomorphism φ the cobordism Zφ defined
in (2.1.1).
A more algebraic example of a category is given by categories and functors.
Example 2.1.5. The category of categories Cat consists of
• objects given by categories C,
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• morphisms in MorCat(C1, C2) given by functors F12 : C1 → C2,
• composition of morphisms given by composition of functors – i.e. composition of
the maps on both object and morphism level.
2.2. The symplectic category. The vision of Alan Weinstein [87] was to construct
a symplectic category along the following lines. (See [11, 51] for introductions to
symplectic topology.)
• Objects are the symplectic manifolds M := (M,ω).
• Morphisms are the Lagrangian submanifolds10 L ⊂M−1 ×M2, where we denote by
M−1 := (M1,−ω1) the same manifold with reversed symplectic structure.
• Composition of morphisms L12 ⊂M−1 ×M2 and L23 ⊂M−2 ×M3 is defined by the
geometric composition (where ∆M ⊂M ×M− denotes the diagonal)
L12 ◦ L23 := prM−1 ×M3
(
L12 × L23 ∩ M−1 ×∆M2 ×M3
) ⊂M−1 ×M3.
This notion includes symplectomorphisms φ : M1 → M2, φ∗ω2 = ω1 as morphisms
given by their graph gr(φ) = {(x, φ(x)) |x ∈ M1} ⊂ M−1 × M2. Also, geometric
composition is defined exactly so as to generalize the composition of maps. That is,
we have gr(φ) ◦ gr(ψ) = gr(ψ ◦ φ). On the other hand, this more generalized notion
allows one to view pretty much all constructions in symplectic topology as morphisms
– for example, symplectic reduction from CP2 to CP1 is described by a Lagrangian
3-sphere Λ ⊂ (CP2)− × CP1; see [29, 87, 80] for details and more examples.
Unfortunately, geometric composition generally – even after allowing for perturba-
tions (e.g. isotopy through Lagrangians) – at best yields immersed or multiply covered
Lagrangians.11 However, Floer homology12 is at most expected to be invariant under
embedded geometric composition, i.e. when the intersection in
(2.2.1) prM−1 ×M3 : L12 ×M2 L23 := L12 × L23 ∩ M
−
1 ×∆M2 ×M3 −→ M−1 ×M3
is transverse, and the projection is an embedding. In the linear case – for symplec-
tic vector spaces and linear Lagrangian subspaces – this issue was resolved in [29]
by observing that linear composition, even if not transverse, always yields another
Lagrangian subspace. In higher generality, and compatible with Floer homology, a
symplectic category Symp = Symp#/ ∼ was constructed in [84] by the following
general algebraic completion construction for a partially defined composition.
Definition 2.2.1. The extended symplectic category Symp# is defined as fol-
lows.
• Objects are the symplectic manifolds (M,ω).
• Simple morphisms L12 ∈ SMor(M1,M2) are the Lagrangian submanifolds L12 ⊂
M−1 ×M2.
10 Other terms for a Lagrangian, viewed as a morphism M1 →M2, are “Lagrangian relation” or
“Lagrangian correspondence”, but we will largely avoid such distinctions in this paper.
11 Even the question of finding a Lagrangian L ⊂ CP2 with embedded composition L ◦ Λ ⊂ CP1
was open until the recent construction of a new Lagrangian embedding RP2 ↪→ L ⊂ CP2 in [12].
12Floer homology is a central tool in symplectic topology introduced by Floer [23] in the 1980s,
inspired by Gromov [28] and Witten [90]. It has been extended to a wealth of algebraic structures
such as Fukaya categories; see e.g. [67]. It can be thought of as the Morse homology of a symplectic
action functional on the space of paths connecting two Lagrangians, and recasts the ill posed gradient
flow ODE as a Cauchy-Riemann PDE (whose solutions are pseudoholomorphic curves).
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• General morphisms L = (L01, . . . , L(k−1)k) ∈ MorSymp#(M,N) are the composable
chains of simple morphisms Lij ∈ SMor(Mi,Mj) between symplectic manifolds M =
M0,M1, . . . ,Mk = N .
• Composition of morphisms L = (L01, . . . , L(k−1)k) ∈ MorSymp#(M,N) and L′ =
(L′01, . . . , L
′
(k′−1)k′) ∈ MorSymp#(N,P ) is given by algebraic concatenation L#L′ :=
(L01, . . . , L(k−1)k, L′01, . . . , L
′
(k′−1)k′).
For this to form a strict category, we include trivial chains ( ) ∈ Mor(M,M) of length
k = 0 as identity morphisms.
While this is a well defined category, its composition notion is not related to geo-
metric composition yet. However, the following quotient construction ensures that
composition is given by geometric composition when the result is embedded.
Definition 2.2.2. The symplectic category Symp is defined as follows.
• Objects are the symplectic manifolds (M,ω).
• Morphisms are the equivalence classes in MorSymp(M,N) := MorSymp#(M,N)/∼.
• Composition [L] ◦ [L′] := [L#L′] is induced by the composition in Symp#.
Here the composition-compatible equivalence relation ∼ on the morphism spaces of
Symp# is obtained as follows.
• The subset of geometric composition moves Comp ⊂ MorSymp# ×MorSymp#
consists of all pairs
(
(L12, L23), L12 ◦ L23
)
and
(
L12 ◦ L23, (L12, L23)
)
for which the
geometric composition L12 ◦ L23 is embedded as in (2.2.1).
• The equivalence relation ∼ on MorSymp# is defined by L ∼ L˜ if there is a finite
sequence of moves L ; L′ ; L′′ . . . ; L(N) = L˜ in which each move replaces one
subchain of simple morphisms by another,
L(k) =
(
. . . , Lij, Ljl, . . .
)
; L(k+1) =
(
. . . , Lij ◦ Ljl, . . .
)
resp. L(k) =
(
. . . , Lij ◦ Ljl, . . .
)
; L(k+1) =
(
. . . , Lij, Ljl, . . .
)
according to a geometric composition move
(
(Lij, Ljl), Lij ◦ Ljl
) ∈ Comp resp.(
Lij ◦ Ljl, (Lij, Ljl)
) ∈ Comp.
The result of this quotient construction is that the composition of morphisms is
given by geometric composition [L12] ◦ [L23] = [L12 ◦ L23] if the latter is embedded.
We will later recast this construction in terms of an extension of the symplectic
category Symp# to a 2-category in which the equivalence relation ∼ is obtained from
2-isomorphisms; see Example 3.1.6 and §3.5.
Remark 2.2.3. The present equivalence relation does not identify a Lagrangian
L ⊂M− ×N with its image φH(L) ⊂M− ×N under a Hamiltonian symplectomor-
phism φH . Indeed, any morphism L in MorSymp#(M,N) induces a (Lagrangian where
immersed) subset of M− ×N by complete geometric composition, and this subset is
invariant under geometric composition moves. However, such equivalences under
Hamiltonian deformation can also be cast as 2-isomorphisms; see Example 3.5.1.
2.3. Categories with Cerf decompositions. The basic idea of Cerf decomposi-
tions is to decompose a (d+ 1)-manifold Y = Y01∪Σ1 Y12 . . .∪Σk−1 Y(k−1)k into simpler
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pieces Yij = f
−1([bi, bj]) by cutting at regular level sets Σi = f−1(bi) of a Morse func-
tion Y → R as illustrated in Figure 4 below. By viewing Y as a cobordism between
empty sets, i.e. as a morphism in MorBord+1(∅, ∅), this can be seen as a factorization
[Y ] = [Y01] ◦ [Y12] ◦ . . . ◦ [Y(k−1)k] in Bord+1. Here the Morse function f and regular
levels bi can be chosen such that each piece Yi(i+1) contains either none or one criti-
cal point, and thus is either a cylindrical cobordism – diffeomorphic to the product
cobordism Zφ = [0, 1]× Σj as in (2.1.1) – or a handle attachment as in the following
remark. These “simple cobordisms” are illustrated in figures 2 and 3.
Figure 2. A cylindrical cobordism supports a Morse function without
critical points, whose gradient flow induces a diffeomorphism to the
product cobordism [0, 1]×Σj with natural identification Σj ∼= {1}×Σj
and boundary identification φ : Σi
∼→ {0} × Σj arising from the flow.
Remark 2.3.1. A k-handle attachment Yα of index 0 ≤ k ≤ d + 1 is a (d + 1)-
dimensional cobordism, which is obtained by attaching to a cylinder [0, 1]×Σ a handle
Bk×Bd+1−k along an attaching cycle Sk−1 ↪→ α ⊂ {1}×Σ, as illustrated in figure 3.
Here Bk denotes a k-dimensional ball with boundary ∂Bk = Sk−1.
By reversing the orientation and boundary identifications of any k-handle attach-
ment Yα from Σ to Σ
′, we obtain a cobordism Y −α from Σ
′ to Σ. This reversed
cobordism is also a d + 1 − k-handle attachment Y −α = Yα∗ for an attaching cycle
Sd−k ↪→ α∗ ⊂ {1} ×Σ′. It moreover is the adjoint of Yα in the sense of Remark 2.4.3
and will become useful in the formulation of Cerf moves below.
Specifying to dimension d = 2 and the connected bordism category, it will suffice
to consider 2-handle attachments (and their adjoints) with attaching circles that are
homologically nontrivial and thus do not disconnect the surface. More precisely, any
attaching circle S1 ' α ⊂ Σ in a closed surface Σ determines a 2-handle attachment
as follows: Replacing an annulus neighbourhood of α by two disks specifies a lower
genus surface Σ′ = Σα together with a diffeomorphism piα : Σrα → Σ′r{2 points}.
Given this construction, the 2-handle attaching cobordism Yα from Σ to Σ
′ is unique
up to diffeomorphism fixing the boundary.
More detailed introductions to Cerf theory can be found in e.g. [13, 27, 54]. Here we
concentrate on the algebraic structure that it equips the bordism categories with. To
describe this structure, we may think of Cerf decompositions as a prime decomposition
of (d+ 1)-manifolds, and more generally of (d+ 1)-cobordisms: A decomposition into
simple cobordisms (cylindrical cobordisms and handle attachments) always exists
and simple cobordisms have no further simplifying decomposition. And while these
Cerf decompositions are not unique, any two choices of decomposition are related
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Figure 3. Handle attachments in dimension d = 2 are “simple cobor-
disms” which support a Morse function f with a single critical point
of index 0 ≤ k ≤ 3. The attaching cycles are given by intersection of
the unstable manifold (in red) with the boundary. Index k = 0 and
k = 3 handle attachments are adjoint via orientation reversal and only
appear between the empty set and sphere S2. Index k = 1 and k = 2
handle attachments are adjoint via orientation reversal (which inter-
changes unstable and stable manifolds) and appear between surfaces
Σg,Σg+1 of adjacent genus g, g + 1 ∈ N0.
via just a few moves, some of which are shown in Figure 4. These moves reflect
changes in the Morse function (critical point cancellations and critical point switches),
cutting levels (cylinder cancellation), and the ways in which pieces are glued together
(diffeomorphism equivalences which in particular encode handle slides). All of these
Cerf moves are local in the sense13 that they replace only one or two consecutive
cobordisms by one or two consecutive cobordisms with the same composition. That
is, the moves are of one of three forms:
. . . ∪Σi Yij ∪Σj Yjl ∪Σl . . . = . . . ∪Σ1 Y˜ij ∪Σ˜j Y˜jl ∪Σl . . . for Yij ∪Σj Yjl = Y˜ij ∪Σ˜j Y˜jl,
. . . ∪Σ1 Yij ∪Σj Yjl ∪Σl . . . = . . . ∪Σ1 Y˜il ∪Σl . . . for Yij ∪Σj Yjl = Y˜il,
. . . ∪Σ1 Yil ∪Σl . . . = . . . ∪Σ1 Y˜ij ∪Σ˜j Y˜jl ∪Σl . . . for Yil = Y˜ij ∪Σ˜j Y˜jl.
In the following, we will cast this notion – decompositions into simple pieces that are
unique up to a set of moves – into more formal terms. For that purpose we denote
the union of all morphisms of a category C by MorC :=
⋃
x1,x2∈ObjC MorC(x1, x2), and
13 While a diffeomorphism equivalence is not local, it decomposes into a sequence of local moves.
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we denote all relations between composable chains14 of morphisms by
RelC :=
⋃
k,`∈N
{(
(fi), (gj)
) ∈ (MorC)k × (MorC)` ∣∣ f1 ◦ . . . ◦ fk = g1 ◦ . . . ◦ g`}.
Definition 2.3.2. A category with Cerf decompositions is a category C together
with
• a subset SMor ⊂ MorC of simple morphisms,
• a subset Cerf ⊂ RelC of local Cerf moves, which is symmetric (under exchang-
ing the factors) and consists of pairs of composable chains of simple morphisms
f12, . . . , f(k−1)k ∈ SMor, g12, . . . , g(`−1)` ∈ SMor whose compositions are equal,
such that
• the simple morphisms generate all morphisms, i.e. for any m ∈ MorC there exist
h12, . . . , h(n−1)n ∈ SMor such that m = h12 ◦ . . . ◦ h(n−1)n,
• the presentation in terms of simple morphisms is unique up to Cerf moves, i.e.
any two presentations of the same morphism in terms of h12, . . . , h(n−1)n ∈ SMor
and h˜12, . . . , h˜(n˜−1)n˜ ∈ SMor are related by a finite sequence15 of identities
h12 ◦ . . . ◦ h(n−1)n = h′12 ◦ . . . ◦ h′(n′−1)n′ = . . . = h˜12 ◦ . . . ◦ h˜(n˜−1)n˜
in which each equality replaces one subchain of simple morphisms by another,
. . . ◦ f12 ◦ . . . ◦ f(k−1)k ◦ . . . = . . . ◦ g12 ◦ . . . ◦ g(`−1)` ◦ . . .
according to a local Cerf move
(
(f12, . . . , f(k−1)k), (g12, . . . , g(`−1)`)
) ∈ Cerf.
The bordism categories Bord+1 are the motivating example of categories with Cerf
decompositions, with SMor and Cerf given by the simple cobordisms and Cerf moves
as discussed above (for a more detailed exposition see [27]). However, in the exam-
ples arising from gauge theory, we consider the 2 + 1-dimensional connected bordism
category, the d = 2 case of the following general notion for d ≥ 2.16
Example 2.3.3. The connected bordism category Borconnd+1 is defined as follows.
• Objects are the closed, connected, oriented d-dimensional manifolds.
• Morphisms are the compact, connected, oriented d+1-dimensional cobordisms with
identification of the boundary, and modulo diffeomorphisms as in Bord+1.
• Composition is by gluing via boundary identifications as in Bord+1.
If we allow Σ = ∅ as object, then closed, connected, oriented d + 1-manifolds are
contained in this category as morphisms from ∅ to ∅.
In this language, the Cerf decomposition theorem for 3-manifolds – in the con-
nected case proven in [26] and reviewed in [27] – can be stated as in the following
theorem, and is illustrated in Figure 4 and further explained in Remark 2.3.5. Here,
in strict categorical language, a 3-cobordism from Σ− to Σ+ is an equivalence class
14 Throughout, we will use the term “composable chain” to denote ordered tuples of morphisms, in
which each consecutive pair is composable, so that the entire tuple – by associativity of composition
– has a well defined composition.
15 Throughout, we will use the term “sequence” to denote a finite totally ordered set.
16 We restrict to dimension d ≥ 2 when discussing connected bordisms since the handle at-
tachments in dimension d = 1 are morphisms between generally disconnected 1-manifolds, so that
Borconn1+1 does not have useful connected Cerf decompositions.
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[(Y, ι−, ι+)] of 3-cobordisms and embeddings ι± : Σ± → ∂Y modulo diffeomorphisms
relative to the boundary identifications ι±. However, the decomposition and bound-
ary identifications are actually induced by a decomposition of representatives, thus
we drop the brackets and embeddings – see [27] and §3.2 for more deliberations on
this. Moreover, we may again generalize to dimension d ≥ 2.
Figure 4. Cerf decompositions of a 3-cobordism Y and Cerf moves
between them.
Theorem 2.3.4. Borconnd+1 is a category with Cerf decompositions as follows.
• The set of simple morphisms SMor ⊂ MorBorconnd+1 consists of
– cylindrical cobordisms Zφ for diffeomorphisms φ : Σ→ Σ′ as in (2.1.1),
– k-handle attachments Yα ∈ Mor(Σ,Σ′) for 1 ≤ k ≤ d as in Remark 2.3.1.
• The Cerf moves Cerf ⊂ RelBorconnd+1 are the following and their transpositions:
– Cylinder cancellations
(
(Zφ, Zψ), Zψ◦φ
)
for all composable pairs of diffeomor-
phisms φ, ψ.
– Cylinder cancellations
(
(Zφ, Y ), Y
′) resp. ((Y, Zφ), Y ′) in which Y ′ is the same
cobordism as Y (up to diffeomorphism), but with incoming resp. outgoing bound-
ary inclusion pre- resp. post-composed with a diffeomorphism φ.
– Critical point cancellations
(
(Y −α , Yβ), Zφ
)
occur for attaching cycles α, β ⊂ Σ
with transverse intersection in a single point; these give rise to a pair of cobor-
disms Y −α ∈ Mor(Σ′,Σ), Yβ ∈ Mor(Σ,Σ′′) whose composition is a cylindrical
cobordism representing a diffeomorphism φ : Σ′ → Σ′′.
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– Critical point switches
(
(Yα, Y
′
β), (Yβ, Y
′
α)
)
and
(
(Y −α , Yβ), (Y
′
β, Y
′
α
−)
)
occur for
disjoint attaching cycles α, β ⊂ Σ; these give rise to a pair of cobordisms17
Yα ∈ Mor(Σ,Σ′α), Y ′β ∈ Mor(Σ′α,Σ′′) whose composition is the same as that
of the pair Yβ ∈ Mor(Σ,Σ′β), Y ′α ∈ Mor(Σ′β,Σ′′).
Remark 2.3.5. For d = 2 the objects of MorBorconn2+1 – closed, connected, oriented
surfaces – can be classified up to diffeomorphism by their genus. Moreover, the
simple morphisms SMor ⊂ MorBorconn2+1 can be further specified:
• Cylindrical cobordisms Zφ represent diffeomorphisms φ : Σ→ Σ′ between surfaces
of the same genus as in (2.1.1).
• 2-Handle attachments Yα ∈ Mor(Σ,Σ′) specified by a homologically nontrivial circle
S1 ' α ⊂ Σ are simple morphisms18 from a surface Σ of genus g to a surface Σ′ of
genus g − 1.
• 1-Handle attachments are 2-handle attachments with reversed orientation, i.e. the
simple morphisms Y −α ∈ Mor(Σ′,Σ) from a surface Σ′ of genus g− 1 to a surface Σ
of genus g.
The structural similarities between the symplectic and bordism categories can now
be phrased in terms of abstract Cerf decompositions.
Lemma 2.3.6. The symplectic category Symp from Definition 2.2.2 is a category
with Cerf decompositions as follows:
• The set of simple morphisms SMor ⊂ MorSymp consists of the equivalence classes
[L12] of Lagrangian submanifolds L12 ⊂M−1 ×M2.
• The set of local Cerf moves Cerf ⊂ RelSymp consists of the relations(
[(L01, L12)] , [L01 ◦ L12]
)
and
(
[L01 ◦ L12] , [(L01, L12)]
)
for embedded geometric compositions L01 ◦ L12 as in (2.2.1).
Proof. To check that the simple morphisms generate all morphisms, consider a general
morphism L ∈ MorSymp(M,N) and pick a representative (L01, . . . , L(k−1)k), given by
a composable chain of Lagrangian submanifolds Lij ⊂ M−i ×Mj from M0 = M to
Mk = N . The definition of composition in Symp yields the identity
L =
[
(L01, . . . , L(k−1)k)
]
=
[
L01# . . .#L(k−1)k
]
= [L01] ◦ . . . ◦ [L(k−1)k].
Since each [Lij] is a simple morphism, this is the required decomposition of L into
simple morphisms. To show that these decompositions are unique up to the given
Cerf moves, note that an equality
[L01] ◦ . . . ◦ [L(k−1)k] = [L′01] ◦ . . . ◦ [L′(k′−1)k′ ]
in MorSymp means by definition that the corresponding morphisms in Symp
# are
equivalent
(L01, . . . , L(k−1)k) ∼ (L′01, . . . , L′(k′−1)k′)
under the equivalence relation ∼ given in Definition 2.2.2. Recall that this relation
is generated by the geometric composition moves Comp ⊂ MorSymp# ×MorSymp# , so
17 See Remark 2.5.1 for more details on the notation used here.
18 More precisely, Yα is obtained by attaching to the cylindrical cobordism [0, 1]× Σ a 2-handle
B2 × [−, ] along a thickening [−, ]× S1 ⊂ {1} × Σ of the attaching circle.
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that there is a sequence of moves from (L01, . . . , L(k−1)k) to (L′01, . . . , L
′
(k′−1)k′) in which
adjacent pairs are replaced by their embedded geometric composition. Our definition
of Cerf ⊂ RelSymp by moves on equivalence classes encoded by Comp translates this
into a sequence of Cerf moves from [L01] ◦ . . . [L(k−1)k] to [L′01] ◦ . . . [L′(k′−1)k′ ]. 
2.4. Construction principle for Floer field theories. The algebraic background
of Floer field theory is the following construction principle for functors between cat-
egories with Cerf decompositions.
Lemma 2.4.1. Let C,D be two categories with Cerf decompositions and a Cerf-
compatible partial functor F : (ObjC, SMorC)→ (ObjD, SMorD) consisting of
• a map ObjC → ObjD,
• a map SMorC → SMorD which induces a map CerfC → CerfD given by(
(f(i−1)i)i=1,...,k, (g(j−1)j)j=1,...,`
) 7→ ((F(f(i−1)i))i=1,...,k, (F(g(j−1)j))j=1,...,`).
Then F has a unique extension to a functor F : C → D which restricts to F on ObjC
and SMorC ⊂ MorC.
Proof. Compatibility of F with composition requires its value on a general morphism
f ∈ MorC to be F(f) = F(f01) ◦ . . . ◦ F(f(k−1)k) for any Cerf decomposition f =
f01◦. . .◦f(k−1)k into simple morphisms fij ∈ SMorC. The induced map CerfC → CerfD
guarantees that this definition of F(f) is independent of the choice of decomposition,
thus yields a well defined map MorC → MorD. Moreover, this map is compatible with
composition by construction. Thus a well defined functor F is uniquely determined
by F . 
The next Lemma specializes this abstract construction principles to C = Borconnd+1
and D = Symp and is illustrated in Figure 5. It can be read in two ways: In the
strictly categorical sense, a partial functor should assign to a class [Y ] of simple cobor-
disms modulo diffeomorphisms relative to the boundary identifications a class [LY ] of
Lagrangian submanifolds modulo embedded geometric composition. In practice, this
will be achieved by assigning to each simple cobordism Y a Lagrangian submanifold
LY in a way that is compatible with diffeomorphisms.
Strictly speaking, the following is a mild generalization of Lemma 2.4.1 because
critical point switches really correspond to two Cerf moves in Symp, for example
Y01∪Σ1Y12 ' Z ′01∪Σ′1Y ′12 =⇒
(
LY01 , LY12
) ∼ LY01◦LY12 = LY ′01◦LY ′12 ∼ (LY ′01 , LY ′12).
Examples of Floer field theories constructed in this way will be discussed in §2.5.
Lemma 2.4.2. Let F : (ObjBorconnd+1 , SMorBorconnd+1 ) → (ObjSymp, SMorSymp) be a Cerf-
compatible partial functor consisting of the following:
• symplectic manifolds MΣ for each d-manifold Σ ∈ ObjBorconnd+1 ;
• Lagrangian submanifolds L[Y ] ∈ SMorSymp(MΣ,MΣ′) for each simple d+1-cobordism
[Y ] ∈ SMorBorconnd+1 (Σ,Σ′);(
More precisely, this requires the following:
– Lagrangian submanifolds LY ⊂M−∂−Y ×M∂+Y for each handle attachment Y with
partitioned boundary ∂Y = ∂−Y unionsq ∂+Y ,
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Figure 5. Construction principle for Floer field theory: A functor
Borconn2+1 → Symp can be specified by associating symplectic manifolds
MΣ to surfaces Σ and simple Lagrangians LY to simple 3-cobordisms
Y in a way that is compatible with Cerf moves.
– symplectomorphisms MΣ →MΣ′ denoted by their graphs Lφ ⊂M−Σ ×MΣ′ for the
cylindrical cobordisms Zφ representing each diffeomorphism φ : Σ→ Σ′,
– identities19 Lψ◦φ = Lφ ◦ Lψ for diffeomorphisms φ : Σ → Σ′, ψ : Σ′ → Σ′′ and
LΨ(Y ) = LΨ|−1
∂−Y
◦ LY ◦ LΨ|∂+Y for Ψ : Y → Z.
Then any choice of a representative cobordism Y with orientation preserving
diffeomorphisms ι− : Σ− → ∂−Y , ι+ : Σ′ → ∂+Y induces well defined morphism
L[Y ] :=
[(
Lι− , LY , L(ι+)−1
)]
=
[ (
L−1ι− × L−1ι+
)
(LY ) ⊂M−Σ ×MΣ′
]
,
where in the last equality we view Lι± : MΣ± →M∂±Y as maps.
)
• identities of Lagrangians for each local Cerf move(
(X, Y ), Z
) ∈ CerfBorconnd+1 ⇒ LX ◦ LY = LZ ,(
X, (Y, Z)
) ∈ CerfBorconnd+1 ⇒ LX = LY ◦ LZ ,(
(V,W ), (X, Y )
) ∈ CerfBorconnd+1 ⇒ LV ◦ LW = LX ◦ LY ,
where all geometric compositions on the right hand side are embedded as in (2.2.1).
Then F has a unique extension to a functor F : Borconnd+1 → Symp.
Moreover, if F takes values in an exact or monotone symplectic category Sympτ
(see Remark 3.5.4), then F induces a functor Borconnd+1 → Cat.
Proof. To check that the construction of simple morphisms in the second bullet point
is well defined we need to consider a diffeormorphism Ψ : Y → Z which preserves the
partition of boundary components, i.e. Ψ∂±Y maps ∂
±Y to ∂±Z. Then Y and Z =
Ψ(Y ) with the corresponding boundary identifications yields the same Lagrangian
19 In these identities Lφ is the graph of a map so that ◦ is geometric composition of Lagrangians.
Viewing Lφ as map, they could be rewritten as Lψ◦φ = Lψ◦Lφ and LΨ(Y ) =
(
LΨ|∂−Y ×LΨ|∂+Y
)
(LY ).
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submanifold L[Ψ(Y )] = L[Y ] since we have(
LΨ|∂−Y ◦ι− , LΨ(Y ) , L(Ψ|∂+Y ◦ι+)−1
)
=
(
Lι− ◦ LΨ|∂−Y , LΨ|−1∂−Y ◦ LY ◦ LΨ|∂+Y , L(Ψ|∂+Y )−1 ◦ L(ι+)−1
)
∼ (Lι− ◦ LΨ|∂−Y ◦ L(Ψ|∂−Y )−1 , LY , LΨ|∂+Y ◦ L(Ψ|∂+Y )−1 ◦ L(ι+)−1 )
=
(
L(Ψ|∂−Y )−1◦Ψ|∂−Y ◦ι− , LY , L(ι+)−1◦(Ψ|∂+Y )−1◦Ψ|∂+Y
)
=
(
Lι− , LY , L(ι+)−1
)
.
Now on objects Σ, the functor F is determined by the symplectic manifolds MΣ. For
a morphism [Y ] ∈ Borconnd+1 (Σ,Σ′), pick a representative cobordism Y with orientation
preserving embeddings ι−Y : Σ
− → ∂Y , ι+Y : Σ′ → ∂Y to the respective boundary
components. By the Cerf decomposition Theorem 2.3.4, there exists a decomposition
Y = Y01 ∪Σ1 Y12 ∪ . . . ∪Σn−1 Y(n−1)n into simple morphisms which are either handle
attachments Yi(i+1) with boundary identifications ι
−
i : Σ
−
i → ∂Yi(i+1), ι+i+1 : Σi+1 →
∂Yi(i+1) or cylindrical cobordisms Yi(i+1) = Zφi representing a diffeomorphism φi :
Σi → Σi+1. As in Lemma 2.4.1, functoriality then requires
F([Y ]) = [(Lι−Y , LY01 , LY12 , . . . , LY(n−1)n , L(ι+Y )−1)]
to be given by the algebraic composition in Symp of the corresponding Lagrangian
submanifolds. This fully determines F , but to see that it is well defined we need to
consider not just another Cerf decomposition of Y – for which the proof is exactly as
in Lemma 2.4.1 – but also allow for a diffeomorphism Ψ : Y → Z that intertwines
boundary identifications, Ψ ◦ ι±Y = ι±Z . The latter induces a Cerf decomposition
Z = Ψ(Y01) ∪Ψ(Σ1) Ψ(Y12) ∪ . . . ∪Ψ(Σn−1) Ψ(Y(n−1)n) with Σi := Y(i−1)i ∩ Yi(i+1) ⊂ Y ,
whose value under F is
F([Z]) = [(LΨ|∂−Y ◦ι−Y , LΨ(Y01), LΨ(Y12), . . . , LΨ(Y(n−1)n), L(Ψ|∂+Y ◦ι+Y )−1)]
=
[(
Lι−Y
◦ LΨ|∂−Y , L(Ψ|∂−Y )−1 ◦ LY01 ◦ LΨ|Σ1 , L(Ψ|Σ1 )−1 ◦ LY12 ◦ LΨ|Σ2 , . . .
. . . L(Ψ|Σn−1 )−1 ◦ LY(n−1)n ◦ LΨ|∂+Y , L(Ψ|∂+Y )−1 ◦ L(ι+Y )−1
)]
=
[(
Lι−Y
, LY01 , LY12 , . . . , LY(n−1)n , L(ι+Y )−1
)]
= F([Y ]).
This finishes the proof that the unique extension F is a well defined functor.
Finally, if F : Borconnd+1 → Sympτ takes values in a monotone symplectic category
(for a monotonicity constant τ ≥ 0; see Remark 3.5.4), then it can be composed
with the Yoneda functor Sympτ → Cat constructed in [84] and Lemma 3.5.6 below
to induce a functor Borconnd+1 → Cat, as claimed. Here the existence of the Yoneda
functor follows from the fact that Sympτ extends to a 2-category. 
A formal notion of d+ 1 Floer field theory should also include a notion of duality.
However, the abstract categorical notion of duality requires a monoidal structure –
roughly speaking, an associative multiplication of objects that extends to a bifunctor.
While in the bordism category Bord+1 a monoidal structure is naturally given by dis-
joint unions of objects and morphisms, an extension of the gauge theoretic examples
in §2.5 to disconnected bordisms remains elusive; see Remark 2.5.7. Instead, we work
with the following practical notion of adjunctions, which will be part of an abstract
notion of quilted 2-categories in Definition 3.4.2.
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Remark 2.4.3. The adjoint of a cobordism [Y ] ∈ MorBord+1(Σ0,Σ1) with bound-
ary embeddings ι±Y : Σi → ∂Y is the cobordism [Y −] ∈ MorBord+1(Σ1,Σ0) obtained by
reversing the orientation and boundary embeddings ι+Y : Σ
−
1 → ∂Y −, ι−Y : Σ0 → ∂Y −.
In particular, the adjoint of a k-handle attachment is a d+ 1− k-handle attachment.
The adjoint of a Lagrangian L ⊂M−0 ×M1 is LT := τ(L) ⊂M−1 ×M0 obtained
by transposition τ(p0, p1) := (p1, p0). For very simple morphisms – cylindrical cobor-
disms and graphs of symplectomorphisms – these adjoints are also inverse morphisms,
but not in general.
In the category of categories, not every functor may have an adjoint, but there
also is a notion of two functors f : C → D and fT : D → C being adjoint; see
Definition 3.4.2.
With this we can somewhat formalize our notion of connected Floer field theories.
We will keep the definition flexible to allow for current progress towards constructing
more general symplectic 2-categories as discussed in Example 2.5.2 and Remark 3.5.5.
Definition 2.4.4. A d+1 connected Floer field theory is an adjunction preserv-
ing functor Borconnd+1 → C to an algebraic category (such as C = Cat) that arises as
composition of a functor F : Borconnd+1 → S to a symplectic category (i.e. a category
such as S = Sympτ whose objects are symplectic manifolds) with a Yoneda-type func-
tor arising from a 2-categorical structure on S that encodes Floer theory (such as the
functor Sympτ → Cat constructed in Lemma 3.5.6).
Here the Yoneda functor Sympτ → Cat arises from a quilted generalization of Floer
homology which was developed in [80, 82, 84] within a mononote symplectic category
(see Remark 3.5.4) that guarantees well behaved moduli spaces of pseudoholomorphic
quilts; see §3.5. Since the composition with this functor is automatic (if it exists), we
will sometimes also refer to a functor Borconnd+1 → Symp (even if it does not take values
in a monotone subcategory) as a Floer field theory – because it reduces the question
of constructing a functor Borconnd+1 → Cat to ensuring that quilted Floer homology is
well defined on its image. One might be tempted to call a functor Bord+1 → Symp
a “d+1 symplectic field theory”, but the label of SFT = symplectic field theory was
given by [21] to a theory in which another symplectic category – given by contact-type
manifolds and symplectic cobordisms – is the domain, not the target of a functor.
2.5. 2+1 Floer field theories arising from gauge theory. Working more specif-
ically in dimensions 2+1, and making use of the adjunctions in Remark 2.4.3, we
can specialize Lemma 2.4.2 even further to observe that a 2+1 connected Floer field
theory Borconn2+1 → Cat in the sense of Definition 2.4.4 can be obtained by essentially
just fixing symplectic data for one surface of each genus and attaching circles in
these. Here we will be somewhat cavalier about diffeomorphisms that are isotopic to
the identity. These do not affect the representation spaces in Example 2.5.4, but in
general, e.g. in Example 2.5.6, more vigilance such as in [26, 27, 57] is required.
Remark 2.5.1. In order to construct a 2+1 connected Floer field theory Borconn2+1 →
Cat, it suffices to construct a functor F : Borconn2+1 → Sympτ that preserves adjunctions.
The latter can be obtained as in Lemma 2.4.2 by the following constructions.
(1) To a closed, connected, oriented surface Σ, associate a symplectic manifold MΣ
(that is compact and τ -monotone for a fixed τ ≥ 0; see Remark 3.5.4).
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(2) To a diffeomorphism φ : Σ0 → Σ1 associate a symplectomorphism Lφ : MΣ0 →MΣ1
such that Lφ ◦ Lψ = Lφ◦ψ (as maps) when φ, ψ are composable.
(3) To a 2-handle attaching cobordism Yα ∈ MorBorconn2+1 (Σ,Σ′) between connected
surfaces as in Remark 2.3.1 associate a Lagrangian submanifold Lα ⊂M−Σ ×MΣ′
(that is compact and τ -monotone).
(3’) To the reversed 1-handle attachment Y −α ∈ MorBorconn2+1 (Σ′,Σ) associate the trans-
posed Lagrangian LTα ⊂M−Σ′ ×MΣ.
(4) For attaching circles α, φ(α) ⊂ Σ related by a diffeomorphism φ : Σ → Σ, there
is a diffeomorphism φ′ : Σα → Σφ(α) determined by φ′ ◦ piα = piφ(α) ◦ φ such that
the 3-cobordisms Yα ' Yφ(α) are diffeomorphic relative to φ, φ′ on the boundary.
Ensure that this is reflected by an identity of Lagrangians (Lφ×Lφ′)(Lα) = Lφ(α)
via the symplectomorphisms given in 2.
(5) For disjoint attaching circles α, β ⊂ Σ, denote by β′ := piα(β) ⊂ Σα and α′ :=
piβ(α) ⊂ Σβ the attaching circles in the outgoing boundary of Yα resp. Yβ that are
obtained from β resp. α. Then there is a diffeomorphism φ′′ : (Σα)β′ → (Σβ)α′
between the outgoing boundaries of Yβ′ , Yα′ , determined by φ
′′◦piβ′ ◦piα = piα′ ◦piβ,
such that the 3-cobordisms20 Y −α ∪Σ Yβ ' Yβ′ ∪φ′′ Y −α′ are diffeomorphic with fixed
boundary, and the 3-cobordisms Yα∪ΣαYβ′ ' Yβ∪Σβ Yα′ are diffeomorphic relative
to idΣ, φ
′′ on the boundary. Ensure that this is reflected by embedded geometric
compositions LTα ◦ Lβ, (id× φ′′)(Lβ′) ◦ LTα′ , Lα ◦ Lβ′ , Lβ ◦ Lα′ and identities
(2.5.1) (id× Lφ′′)(Lα ◦ Lβ′) = Lβ ◦ Lα′ , LTα ◦ Lβ = (id× φ′′)(Lβ′) ◦ LTα′ .
(6) For attaching circles α, β ⊂ Σ with transverse intersection in a single point, the
composition Y −α ∪ΣYβ ' Zφ is diffeomorphic with fixed boundary to the cylindrical
cobordism of a diffeomorphism φ : Σα → Σβ determined by φ ◦ piα = piβ on
Σr(α ∪ β) and φ(piα(β)) = piβ(α). Ensure that this is reflected by an embedded
geometric composition LTα ◦ Lβ = gr(Lφ).
While step 1 fixes the functor F on all objects, steps 2 and 3 fix explicit Lagrangians
F([Y ]) = LY only for simple morphisms Y as LZφ = Lφ for cylindrical cobordisms,
LYα = Lα for 2-handle attachments, and LY −α = L
T
α for their adjoint 1-handle attach-
ments. To determine the value of the functor F([Y ]) = [LY ] on a general cobordism
Y ∈ MorBor2+1(Σ,Σ′), we choose a Cerf decomposition Y = Y01∪Σ1Y12 . . .∪Σk−1Y(k−1)k
into a composable chain of simple morphisms Yij ∈ MorBor2+1(Σi,Σj) from Σ0 = Σ to
Σk = Σ
′. Then functoriality requires
[LY ] = F([Y ]) = F([Y01]) ◦ F([Y12]) . . . ◦ F([Y(k−1)k]) = [LY01 ] ◦ [LY12 ] . . . ◦ [LY(k−1)k ],
and this is well defined since different Cerf decompositions of [Y ] are related by Cerf
moves, which steps 4-6 guarantee to correspond to embedded geometric composi-
tions, i.e. yield the same morphisms in the symplectic category. More precisely, steps
2,3 associate to a cobordism with Cerf decomposition (a factorization in Borconn2+1 ) a
morphism in the extended symplectic category of Definition 2.2.1,
Y = Y01 ∪Σ1 Y12 . . . ∪Σk−1 Y(k−1)k 7→ LY = LY01#LY12 . . .#LY(k−1)k .
Then Cerf moves can be viewed as isomorphisms between different factorizations in
Borconn2+1 , and steps 4-6 relate these to isomorphisms in Symp
# given by the relation
20 Here ∪φ′′ denotes a gluing of the boundaries of Yβ′ , Y −α′ via the diffeomorphism φ′′.
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used in Definition 2.2.2 of the symplectic category as the quotient of Symp#. This
could more precisely be phrased as a 2-functor between extensions of Borconn2+1 to a
bicategory as in Example 3.2.1 and of Symp# to a 2-category as in Example 3.1.6.
Since its first announcement in [85], this Floer field philosophy has been applied
to obtain various proposals for 2 + 1 field theories, which are inspired from various
gauge theories. Unfortunately, these are still preprints [85, 86], work in progress [40],
or published [60, 46, 38, 5] but hinging on generalizations of the crucial isomorphism
in Floer homology under geometric compositions beyond the (compact monotone)
setting in which it was proven in [83]; see Remarks 3.5.4–3.5.8. Instead of discussing
the technicalities and possible obstructions, this section focusses on the motivations
and thus presents both intuitive and naive reasonings why theories along these lines
are to be expected.
The intuitive reason for an intimate connection between symplectic geometry and
gauge theory in dimensions 2 + 1 is the following example of a partial functor from
Borconn2+1 to a category of infinite dimensional symplectic Banach spaces and Lagrangian
Banach-submanifolds. It provides the basic data from which one expects a 2+1+1
field theory which comprises Donaldson invariants and instanton Floer homology21
for certain 4- and 3-manifolds, as discussed in §2.6.
Example 2.5.2 (Infinite dimensional Floer field theory from spaces of connections).
Fix a compact, connected, simply connected Lie group G, and let 〈·, ·〉 be a G-
invariant inner product on the Lie algebra g. (The main and first nontrivial examples
are G = SU(r) for r ≥ 2.) The following constructions will use some basic notations
from gauge theory, which can be found in e.g. [72]. These constructions also have
natural extensions to nontrivial bundles – such as the unique nontrivial SO(3)-bundles
over surfaces and handle attachments used in [85], which also serve to avoid issues of
reducible connections.
(1) To each closed, connected, oriented surface Σ, we associate the space of connec-
tions A(Σ) := Ω1(Σ, g) on the trivial G-bundle over Σ. It has a natural symplectic
structure given by ω(a1, a2) =
∫
Σ
〈a1∧a2〉 for ai ∈ A(Σ); see [4, 62, 76]. Indeed, ω
is bilinear and alternating (recall that α1∧α2 = −α2∧α1 for real-valued 1-forms),
and it is nondegenerate since the Hodge star operator for any choice of metric on
Σ induces an L2-metric g(a1, a2) = ω(a1, ∗a2) on A(Σ).
Note here that reversing the orientation of Σ corresponds to reversing the sign
of the symplectic form, i.e. A(Σ−) = A(Σ)−. Moreover, ∗|A(Σ) is in fact an
ω-compatible complex structure since ∗2 = −id.
(2) To each diffeomorphism φ : Σ0 → Σ1, we associate the push forward Lφ := φ∗ :
A(Σ0) → A(Σ1) given by (φ∗a)(v) := a(dφ−1(v)). This is a symplectomorphism
21 Donaldson invariants and instanton Floer homology are invariants for smooth 4- and 3-
manifolds that were developed in the 1980s [15, 22]; see [17, 16] for introductions. Similar to the
symplectic versions of Floer homology, the 3-manifold invariant can be viewed as the Morse homol-
ogy of the Chern-Simons functional on a space of connections (modulo gauge) on the 3-manifold,
with the gradient flow recast as the ASD Yang-Mills PDE (whose stationary solutions are the flat
connections).
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since for a1, a2 ∈ A(Σ0) we have(
L∗φωA(Σ1)
)
(a1, a2) =
∫
Σ1
〈φ∗(a1) ∧ φ∗(a2)〉 =
∫
Σ1
φ∗〈a1 ∧ a2〉
=
∫
φ−1(Σ1)
〈a1 ∧ a2〉 = ωA(Σ0)(a1, a2).
Moreover we have Lφ ◦Lψ = φ∗ ◦ ψ∗ = (φ ◦ ψ)∗ = Lφ◦ψ as required when φ, ψ are
composable.
(3) To each 2-handle attachment Yα ∈ MorBorconn2+1 (Σ,Σ′), we associate the space of
restrictions of flat connections on Yα to the boundary components ∂Yα = Σ
−unionsqΣ′,
L(Yα) :=
{(
A˜|Σ, A˜|Σ′
) | A˜ ∈ A(Yα), FA˜ = 0} ⊂ A(Σ)− ×A(Σ′).
This yields an isotropic of A(Σ)− × A(Σ′) ∼= A(Σ− unionsq Σ′) = A(Yα) since the
linearization of curvature d
dt
∣∣
t=0
FA˜+ta˜ = dA˜a˜ at a connection A˜ is the associated
differential, so that ω(a˜1|∂Y , a˜2|∂Y ) =
∫
Y
〈dA˜a˜1 ∧ a˜2〉 − 〈a˜1 ∧ dA˜a˜2〉 = 0 by Stokes’
theorem. In appropriate Banach space completions, one can also show that L(Yα)
is a Banach submanifold and coisotropic, hence a Lagrangian submanifold of
A(Σ)− ×A(Σ′). (This is a direct generalization of [73, Lemma 4.6] which proves
these claims for Yα replaced by a handlebody.)
(3’) The analogous construction for the 1-handle attachment Y −α ∈ MorBorconn2+1 (Σ′,Σ)
yields the transposed Lagrangian
L(Y −α ) :=
{(
A˜|Σ′ , A˜|Σ
) | A˜ ∈ A(Y −α ), FA˜ = 0} = L(Yα)T .
(4) To check (φ∗ × φ′∗)(L(Yα)) = L(Yφ(α)) for a diffeomorphism φ : Σ → Σ, recall
that φ, φ′ are the boundary restrictions of a diffeomorphism φ˜ : Yα → Yφ(α). Then
the relation between the Lagrangians follows from the fact that the spaces of flat
connections on Yα and Yφ(α) are identified by pullback with φ˜.
(5,6) For any composable pair of cobordisms Yij ∈ MorBorconn(Σi,Σj), we have the
Lagrangian for the composition of cobordisms given by the geometric composition
of the Lagrangians for the separate cobordisms,
L(Y01 ∪Σ1 Y12)
=
{
(A0, A2) | ∃ A˜flat ∈ A(Y01 ∪Σ1 Y12), A˜|Σi = Ai
}
=
{
(A0, A2) | ∃ A˜ij ∈ Aflat(Yij), A˜01|Σ1 = A˜12|Σ1 , A˜01|Σ0 = A0, A˜12|Σ2 = A2
}
= piA(Σ0)×A(Σ2)
((L(Y01)× L(Y12)) ∩ (A(Σ0)×∆A(Σ1) ×A(Σ2)))
= L(Y01) ◦ L(Y12),
where we denote the sets of flat connections by Aflat(Y ) := {A˜ ∈ A(Y ) |FA˜ = 0}.
This proves all required identities of geometric compositions. However, these geo-
metric compositions are never embedded since all restrictions of the connections
to Σ1 are flat, thus cannot span the complement of the diagonal.
While these constructions do not yield a functor Borconn2+1 → Symp via the principle
of Remark 2.5.1, we will explain in Example 3.6.2 how one might use quilts (see
§3.5) made up of ASD instantons in place of pseudoholomorphic curves to extend this
partial functor to a Floer field theory Borconn2+1 → Cat that factors through a symplectic
instanton 2-category whose objects are symplectic Banach spaces of connections.
FLOER FIELD PHILOSOPHY 23
The beginning of an instanton Floer field theory given above is the natural interme-
diate step in an expected relation between Chern-Simons theory on 3-manifolds and
symplectic invariants arising from a choice of decomposition of the 3-manifold as for-
mulated by Atiyah [3] in terms of Floer homologies [22, 23]; see also [62, 76] and §2.6.
This symplectic invariant uses Heegaard splittings as explained before Example 2.5.6
and finite dimensional symplectic quotients of the above spaces of connections, as ex-
plained in the following remark. Moreover, the Chern-Simons theory on 3-manifolds is
naturally coupled with Donaldson-Yang-Mills theory on 4-manifolds; see [15, 17, 16].
Thus the subsequent sketch of Floer field theories arising from representation spaces
should be viewed as the beginning of a symplectic categorification of Donaldson-Yang-
Mills theory (in various versions, depending on choice of group and twisting). It also
serves as a purely symplectic explanation of the conjecture that the Floer homology
arising from a decomposition of the 3-manifold is in fact a 3-manifold invariant, i.e.
independent of the choice of decomposition; see §2.6 for details.
Remark 2.5.3 (Finite dimensional reduction of instanton Floer field theory). While
the spaces of connections in Example 2.5.2 are infinite dimensional and tend to have
a smooth structure, a symplectic reduction by the Hamiltonian action of the gauge
group yields finite dimensional but generally singular spaces. Here the gauge group
G(Σ) = C∞(Σ, G) acts on A(Σ) by pulling back connections with bundle isomor-
phisms, and its moment map is the curvature; see [4, 62, 76]. The symplectic quotient
MΣ := A(Σ)//G(Σ) can thus be understood topologically as the space of representa-
tions of the fundamental group pi1(Σ) in the Lie group G – given by the holonomies of
flat connections – modulo gauge symmetries represented by simultaneous conjugation
of the holonomies. The quotient22 of the Lagrangian LYα := L(Yα)/G(Σ) × G(Σ′) ⊂
M−Σ ×MΣ′ is given by those representations that arise as the restriction of a repre-
sentation of pi1(Yα), i.e. yield the identity when evaluated on loops in ∂Yα = Σ
− unionsqΣ′
that are contractible in Yα.
Singularities in these spaces are due to reducible connections, corresponding to
representations ρ : pi1(Σ) → G on which conjugation by G acts with nondiscrete
stabilizer Gρ = {g ∈ G | g−1ρg = ρ} (e.g. the stabilizer of the trivial representation
is the whole group G). These can be avoided by working on appropriately twisted
bundles or making holonomy requirements around punctures in Σ resp. tangles23 in
Yα. (The latter usually yields field theories for cobordisms with tangles, but there are
specific – central in G – holonomy requirements for which the position of puncture
resp. tangle is irrelevant.) Then the symplectic quotient by the gauge group G(Σ)
yields a finite dimensional Lagrangian submanifold LYα ⊂M−Σ ×MΣ′ .
Instead of discussing possible twisting constructions to avoid the reducibles noted
above, the following example gives an idea of a finite dimensional Floer field theory
in terms of sets rather than manifolds. For abelian groups G, this will actually yield
smooth symplectic and Lagrangian manifolds, but a field theory based on these would
only capture homological information of the bordism category.
22 The fact that we can take the quotient by the product of gauge groups is due to the identification
G(Σ)× G(Σ′) = C∞(∂Yα, G) = C∞(Yα, G)|∂Yα with the boundary values of the gauge group G(Yα),
which uses the assumption of G being connected and simply connected.
23A tangle in a cobordism is an embedded submanifold whose boundary coincides with given
punctures on the boundary of the cobordism.
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Example 2.5.4 (Naive Floer field theory from representation spaces). We will go
through the Floer field theory construction outlined in Remarks 2.5.1 in the example
of representations of a compact, connected, simply connected Lie group G such as
G = SU(2), which arise from trivial G-bundles in Example 2.5.2 and Remark 2.5.3.
(1) To each closed, connected, oriented surface Σ, associate the representation space
MΣ :=
{
ρ ∈ Hom(pi1(Σ), G)
}/
∼ with ρ ∼ ρ′ :⇔ ∃g ∈ G : ρ′ = g−1ρg.
Any standard basis (α1, β1, . . . , αg, βg) for pi1(Σ), i.e. loops that are disjoint ex-
cept for single transverse intersection points αi t βi and whose concatenation∏g
i=1 αiβiα
−1
i β
−1
i is homotopic to the constant loop, yields an identification
MΣ '
{
(a1, b1, . . . , ag, bg) ∈ G2g
∣∣∏g
i=1aibia
−1
i b
−1
i = id
}/
∼
(with id ∈ G denoting the identity), modulo simultaneous conjugation
(ai, bi)i=1,...,g ∼ (g−1aig, g−1big)i=1,...,g ∀g ∈ G.
(2) To each diffeomorphism φ : Σ0 → Σ1 associate the map Lφ : MΣ0 → MΣ1 which
maps ρ ∈MΣ0 to the representation Lφ(ρ) ∈MΣ1 given by [γ ] 7→ ρ([φ−1 ◦ γ ]) for
any circle γ : S1 → Σ1. Observe that Lφ ◦ Lψ = Lψ◦φ when φ, ψ are composable.
(3) For each attaching circle α ⊂ Σ we use the bijection piα : Σrα→ Σ′r{2 points}
and a deformation of any loop γ : S1 → Σ′ to avoid the special points to construct
Lα :=
{(
[ρ], [ρ′]
) ∈M−Σ ×MΣ′ ∣∣ ρ([α]) = id,∀γ : ρ′([γ ]) = ρ([pi−1α ◦ γ ])}.
Note that this construction is independent of the choice of a parametrization α :
S1 → Σ of the attaching circle (and deformation to α(1) = z). In the identification
obtained from a standard basis (αi, βi)i=1,...,g for Σ with [α1] = [α] and the induced
basis (piα ◦ αi, piα ◦ βi)i=2,...,g for Σ′ we have
Lα =
{(
[(ai, bi)i=1,...,g], [(a
′
i, b
′
i)i=2,...,g]
) ∣∣ a1 = id,∀i ≥ 2 : a′i = ai, b′i = bi}.
(3’) The analogous construction for the adjoint cobordism Y −α ∈ MorBorconn2+1 (Σ′,Σ)
yields the transposed Lagrangian LTα ⊂M−Σ′ ×MΣ.
(4) For any attaching circle α : S1 → Σ and diffeomorphism φ : Σ→ Σ we can rewrite
ρ′([γ ]) = ρ([pi−1φ(α) ◦ γ ]) in the construction of Lφ(α) equivalently as ρ′([φ′ ◦ γ˜ ]) =
ρ([φ ◦ pi−1α ◦ γ˜ ]) for all loops γ˜ since piφ(α) ◦ φ = φ′ ◦ piα, and thus
Lφ(α) =
{(
[ρ], [ρ′]
) ∈M−Σ ×MΣ′ ∣∣ ρ([φ ◦ α]) = id, ρ′([φ′ ◦ γ ]) = ρ([φ ◦ pi−1α ◦ γ ])}
=
{(
Lφ([ρ˜]), Lφ′([ρ˜
′])
) ∈M−Σ ×MΣ′ ∣∣ ρ˜([α]) = id, ρ˜′([γ ]) = ρ˜([pi−1α ◦ γ ])}
= (Lφ × Lφ′)(Lα).
(5) For disjoint attaching circles α ∩ β = ∅ we calculate the geometric composition
Lα ◦ Lβ′ =
{(
[ρ], [ρ′′]
) ∣∣ ∃[ρ′] ∈MΣα : ([ρ], [ρ′]) ∈ Lα, ([ρ′], [ρ′′]) ∈ Lβ′}
=
{(
[ρ], [ρ′′]
) ∣∣ ρ([α]) = ρ([β]) = id, ρ′′([γ ]) = ρ([(piβ′piα)−1 ◦ γ ])}
by noting that [ρ′′] is determined from [ρ] by
ρ′′([γ ]) = ρ′([pi−1β′ ◦ γ ]) = ρ([pi−1α ◦ pi−1β′ ◦ γ ]) ∀ γ : S1 → Σ′′ := (Σα)β′
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and the additional requirement id = ρ′([β′]) = ρ([pi−1α ◦ β′ ]), where we have
pi−1α (β
′) = β because the attaching circles are disjoint. Analogously, in the com-
position Lβ ◦ Lα′ =
{(
[ρ], [ρ′′]
) ∣∣ . . .} we have ρ′′([γ ]) = ρ([(piα′piβ)−1 ◦ γ ]) for all
γ : S1 → (Σβ)α′ . Using the diffeomorphism φ′′ given by φ′′ ◦ piβ′piα = piα′piβ, we
rewrite this as ρ′′([φ′′ ◦ γ˜ ]) = ρ([(piβ′piα)−1 ◦ γ˜ ]) for all γ˜ = (φ′′)−1 ◦ γ so that we
obtain the first identity in (2.5.1),
Lβ ◦ Lα′ =
{(
[ρ], [ρ′′]
) ∣∣ ρ([β]) = ρ([α]) = id, ρ′′([φ′′ ◦ γ ]) = ρ([(piβ′piα)−1 ◦ γ ])}
= (id× Lφ′′)
(
Lα ◦ Lβ′
)
.
The second identity between geometric compositions of Lagrangians is similar:
(id× Lφ′′)(Lβ′) ◦ LTα′
=
{(
[ρ′], [σ′]
) ∣∣∃[ρ′′] ∈M(Σα)β′ : ([ρ′], [ρ′′]) ∈ Lβ′ , ([σ′], Lφ′′([ρ′′])) ∈ Lα′}
=
{(
[ρ′], [σ′]
) ∣∣ ρ′([β′]) = σ′([α′]) = id, ρ′([pi−1β′ ◦ γ ]) = σ′([pi−1α′ ◦ φ′′ ◦ γ ]) ∀γ}
=
{(
[ρ′], [σ′]
) ∣∣ ρ([α]) = ρ([β]) = id, ρ′ = ρ([pi−1α ◦ . . . ]), σ′ = ρ([pi−1β ◦ . . . ])}
=
{(
[ρ′], [σ′]
) ∣∣∃[ρ] ∈MΣ : ([ρ], [ρ′]) ∈ Lα, ([ρ], [σ′])) ∈ Lβ} = LTα ◦ Lβ,
where the first composition requires ρ′([β′]) = id = σ′([α′]) in addition to
ρ′([pi−1β′ ◦ γ ]) = ρ′′([γ ]) = σ′([pi−1α′ ◦ φ′′ ◦ γ ]) ∀ γ : S1 → (Σα)β′ .
Using φ′′ ◦ piβ′ ◦ piα = piα′ ◦ piβ we can rewrite this as
ρ′([γ˜]) = σ′([pi−1α′ ◦ φ′′ ◦ pi′β ◦ γ˜ ]) = σ′([piβ ◦ pi−1α ◦ γ˜ ]) ∀ γ˜ : S1 → Σαrβ′,
i.e. the conditions in LTα ◦ Lβ for these loops, which also correspond to the loops
in Σβrα′. In addition, this second geometric composition requires ρ′([β′]) =
ρ([β]) = id, σ′([α′]) = ρ([α]) = id, which identifies it with the first composition.
Note here that either one of the representations
(
[ρ′], [σ′]
) ∈ L′Tβ ◦Lα′ of pi1(Σβ)
or pi1(Σα) fully determines the intermediate representation [ρ
′′] of (Σα)β′ . This can
also be seen from the fact that piβ′ (as well as piα′) acts surjectively on fundamental
groups, in fact any loop in Yβ′ (not just in (Σα)β′ ⊂ ∂Yβ′) can be homotoped into
the boundary component Σα of higher genus. This uniqueness of the intermediate
representations proves injectivity of the projection in the geometric compositions,
and – if there was a smooth structure – the corresponding infinitesimal fact would
also prove transversality of the intersection, thus embeddedness of the geometric
composition LTβ′ ◦ Lα′ .
Embeddedness of Lβ ◦Lα′ resp. Lα◦Lβ′ analogously follows from pi1-surjectivity
of piβ resp. piα. For the last geometric composition corresponding to the gluing of
cobordisms Y −α ∪ΣYβ at the highest genus surface Σ, the fact that the intermediate
representation [ρ] on Σ is determined by the representations
(
[ρ′], [σ′]
) ∈ LTα ◦Lβ
on the two lower genus surfaces Σα, Σβ, is not evident from the formulas. In fact,
it is false if we allow α, β to be homologous. However, this is excluded by the
assumption of all surfaces, in particular (Σα)β′ ' (Σβ)α′ being connected. Thus we
can choose a standard basis (α1, β1, . . . , αg, βg) for pi1(Σ) with α1 = α and βg = β
to see that points in LTα ◦Lβ have the form
(
[(ai, bi)i=2,...,g], [(ai, bi)i=1,...,g−1], which
determines the indermediate [(ai, bi)i=1,...,g] ∈MΣ uniquely.
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(6) For attaching circles α, β ⊂ Σ with unique transverse intersection point we can
choose a standard basis (α1, β1, . . . , αg, βg) for pi1(Σ) with α1 = α and β1 = β.
Then LTα ◦ Lβ is given by pairs
([
(ai, bi)i=2,...g
]
,
[
(a′i, b
′
i)i=2,...g
]) ∈ M−Σα × MΣβ
for which – after conjugation of the representative (a′i, b
′
i)i=2,...g – there exists
[(ai, bi)]i=1,...g ∈MΣ such that a1 = b1 = id and ai = a′i, bi = b′i for i ≥ 2. That is,
in this basis LTα ◦Lβ is identified with the diagonal over the identified representa-
tion spaces MΣα ' MΣβ . Since this identification is by the map Lφ, it shows the
identity LTα ◦ Lβ = gr(Lφ). Moreover, in the presence of a smooth structure, the
geometric composition LTα ◦ Lβ would be embedded since the intermediate point
[(ai, bi)]i=1,...g ∈MΣ is uniquely determined.
Remark 2.5.5 (Rigorous Floer field theories from representation spaces). Even for
the simplest nonabelian group G = SU(2), the representation space for the torus Σ =
T 2 in Example 2.5.4 is the pillowcase MT 2 ' S1×S1/Z2 (here Z2 acts on each factor
S1 by reflection with two fixed points), and more complicated representation spaces
may not even be orbifolds. In some simple cases, e.g. in [32] for knots represented
by Lagrangians in the pillowcase, one can deal explicitly with these singularities.
To obtain a full Floer field theory, [85] replaces moduli spaces of flat G-connections
with moduli spaces of central-curvature connections on unitary bundles with fixed
determinant and coprime rank r and degree d. For r = 2, d = 1 this corresponds to
flat connections on nontrivial SO(3)-bundles, which can also be viewed as taking the
above representation spaces for G = SU(2) on a punctured surface Σrpt, and instead
of holonomy id requiring −id around the puncture. This yields monotone symplectic
manifolds
M̂Σ '
{
(ai, bi)i=1,...,g ∈ SU(2)2g
∣∣∏g
i=1aibia
−1
i b
−1
i = −id
}/
∼.
If instead of −id we replace id with a non-central element k ∈ G, then the repre-
sentation spaces for the cobordisms are no longer independent of the choice of paths
connecting the punctures on the surface (around which the holonomy is required to
be conjugate to k). The corresponding Floer field theory in [86] thus yields invariants
for pairs of cobordisms with embedded tangles (though invariance under isotopies of
the embedding is not yet discussed, so the field theory falls short of yielding knot or
link invariants).
Just as dimensional reductions of Donaldson-Yang-Mills theory give rise to the
Atiyah-Floer conjecture, the Seiberg-Witten theory for 4-manifolds motivated the de-
velopment of Heegaard-Floer homology by Ozsva´th-Szabo´ [56]. Since a 2-dimensional
reduction of the Seiberg-Witten equations gives rise to vortex equations, whose mod-
uli spaces of solutions can be identified with symmetric products of the ambient
space [25], they arrived at a 3-manifold invariant that on a given 3-manifold Y is
constructed by choosing a so-called Heegaard splitting Y = H−0 ∪Σ H1 into two han-
dlebodies,24 representing the handlebodies by Lagrangians LHi ⊂ MΣ = Symg(Σ)
in the symmetric product of the dividing surface Σ, and taking Floer theoretic in-
variants of the pair LH0 , LH1 ⊂ MΣ. Here and throughout, g will denote the genus
24A handlebody is a 3-manifold H with boundary ∂H = Σ (i.e. a cobordism from Σ to the empty
set), which is obtained from handle attachments along a maximal number of disjoint attaching circles
α1, . . . , αg ⊂ Σ that are homologically independent.
FLOER FIELD PHILOSOPHY 27
of the present surface Σ. Since Heegaard splittings are not unique by any means,
Ozsva´th-Szabo´ had to explicitly compare holomorphic curves in symmetric products
of different surfaces to prove that the Heegaard-Floer homology groups HF (LH0 , LH1)
(with “plus/minus/hat” decorations arising from keeping track of intersections with
a marked point in Σ) are in fact 3-manifold invariants, i.e. independent of the choice
of splitting.
There are several more conceptual explanations of this independence. Firstly, [37]
recently proved an Atiyah-Floer type identification of HF (LH0 , LH1) with monopole
Floer homology – the 3-manifold invariant arising directly from Seiberg-Witten gauge
theory [35] . Secondly, as explained in §2.6, an extension of Heegaard-Floer homology
to a 2+1 Floer field theory would also reproduce the Heegaard-Floer 3-manifold invari-
ant. In addition, this would provide a symplectic categorification of Seiberg-Witten
theory. Perutz established the basics of such a theory by constructing Lagrangian
matching invariants [58] for 4-manifolds equipped with broken Lefshetz fibrations,
which are expected to be equal to the Seiberg-Witten invariants, in particular inde-
pendent of the choice of broken fibration. The core of this approach is a construction
in [57] of Lagrangians in symmetric products associated to simple 3-cobordisms, whose
basic structure we explain in the following.
Example 2.5.6 (Naive Floer field theory from symmetric products). We will use
the steps in Remark 2.5.1 to outline the extension of Heegaard-Floer homology to
a Floer field theory as proposed in [57, 38, 40] for any fixed n ≥ 0 (or n < 0 with
surfaces restricted to genus g ≥ −n). To avoid dealing with complex geometry, we
will work with a naive version of symmetric products in which they are constructed as
sets rather than smooth algebraic varieties. The smooth, symplectic, and Lagrangian
structures are discussed in [57].
(1) To each closed, connected, oriented surface Σ, associate the symmetric product
MΣ := Sym
g+nΣ = Σ
g+n/
Sg+n
= Σ× . . .× Σ/(z1, . . . , zg+n) ∼ (zσ(1), . . . , zσ(g+n)),
where g is the genus of Σ, and Sg+n is the symmetric group acting by permutations
σ : {1, . . . , g+n} → {1, . . . , g+n}. On the complement of the diagonal ∆ ⊂ Σg+n
(where two or more points coincide) this is a smooth quotient, but to obtain a
global smooth structure it has to be viewed as the symmetric product of an
algebraic curve. This requires the choice of a complex structure on Σ, and the
symplectic structure is an additional choice – induced by the broken fibration in
[57] – all of which we suppress here.
(2) To each diffeomorphism φ : Σ0 → Σ1 associate the map
Lφ : MΣ0 →MΣ1 ,
[(
z1, . . . , zg+n
)] 7→ [(φ(z1), . . . , φ(zg+n))]
and observe that Lφ ◦Lψ = Lφ◦ψ when φ, ψ are composable. This yields a smooth
map when φ is holomorphic in the chosen complex structures on Σi, but in general
this naive construction only yields the correct map outside of the diagonal.
(3) To each attaching circle α ⊂ Σ associate Lα ⊂M−Σ ×MΣ′ given by
Lα :=
{([
(z1, . . . , zg+n)
]
,
[
(piα(z2), . . . , piα(zg+n))
]) ∣∣ z1 ∈ α, z2, . . . , zg+n ∈ Σrα}.
Note that this naively constructed subset is not even closed, let alone a smooth
submanifold. However, [57] rigorously constructs Lagrangian submanifolds V̂α
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that are smoothly isotopic to Lα on the subset U0 ∪ U1 ⊂ Symg+nΣ given by
tuples with up to one point in a given tubular neighbourhood α˜ ⊂ Σ of α. Thus
it makes some sense to discuss the field theory construction in this model.
(3’) To the adjoint 1-handle attachment Y −α ∈ MorBorconn2+1 (Σ′,Σ) we associate the trans-
posed Lagrangian LTα ⊂M−Σ′ ×MΣ.
(4) For an attaching circle α ⊂ Σ and diffeomorphism φ : Σ → Σ note that we have
(Lφ × Lφ′)(Lα) = Lφ(α) because z′i := φ(zi) yields an identification{([(
φ(zi)
)
i=1,...g+n
]
,
[(
φ′(piα(zi))
)
i=2,...g+n
]) ∣∣ z1 ∈ α, zi≥2 ∈ Σrα}
=
{([
(z′i)i=1,...g+n
]
,
[(
piφ(α)(z
′
i)
)
i=2,...g+n
]) ∣∣ z′1 ∈ φ(α), z′i≥2 ∈ Σrφ(α)}.
In [57, 2.3.1], actual symplectomorphisms are associated to diffeomorphisms φ
that arise from parallel transport in a broken fibration.
(5) For disjoint attaching circles α∩β = ∅ the bijectivity of piβ : Σrβ → Σβr{2 points}
implies x1 ∈ α⇔ piβ(x1) ∈ α′ and analogously x2 ∈ β ⇔ piα(x2) ∈ β′. Thus
Lα ◦ Lβ′ =
{(
[x ], [ z ]
) ∣∣ ∃[ y ] ∈MΣα : ([x ], [ y ]) ∈ Lα, ([ y ], [ z ]) ∈ Lβ′}
=
{([
(xi)i=1,...g+n
]
,
[
(zi)i=3,...g+n
]) ∣∣x1 ∈ α, piα(x2) ∈ β′, zi = piβ′(piα(xi))},
Lβ ◦ Lα′ =
{([
(xi)i=1,...g+n
]
,
[
(zi)i=3,...g+n
]) ∣∣x2 ∈ β, piβ(x1) ∈ α′, zi = piα′(piβ(xi))}
are related via id × Lφ′′ by the defining property φ′′ ◦ piβ′ ◦ piα = piα′ ◦ piβ of φ′′.
The second identity between geometric compositions of Lagrangians is similar:
(id× Lφ′′)(Lβ′) ◦ LTα′
=
{(
[x ], [ z ]
) ∣∣∃[ v ] ∈M(Σα)β′ : ([x ], [ v ]) ∈ Lβ′ , ([ z ], Lφ′′([ v ])) ∈ Lα′}
=
{([
(xi)i=2,...g+n
]
,
[
(zi)i=2,...g+n
]) ∣∣x2 ∈ β′, z2 ∈ α′, φ′′(piβ′(xi)) = piα′(zi) ∀i ≥ 3}
=
{(
[x ], [ z ]
) ∣∣∃[ y ] ∈MΣ : ([ y ], [x ]) ∈ Lα, ([ y ], [ z ]) ∈ Lβ} = LTα ◦ Lβ.
Indeed, we have [ y ] = [(y1, x˜2, . . . , x˜g+n)] = [(y
′
1, z˜2, . . . , z˜g+n)] for x˜i = pi
−1
α (xi),
z˜i = pi
−1
β (zi) and some y1 ∈ α, y′1 ∈ β. Since α, β are disjoint, this implies y1 = z˜i
and y′1 = x˜j for some i, j ≥ 2 which we can permute to i = j = 2 to obtain
z2 = piβ(y1) ∈ α′ and x2 = piα(y′1) ∈ β′. Permutation also achieves x˜i = z˜i for
i ≥ 3 and hence xi = piα(yi), zi = piβ(yi) for some yi ∈ Σr(α ∪ β), which can be
rewritten as φ′′(piβ′(xi)) = piα′(zi) by the defining property of φ′′ applied to yi.
While transversality cannot be discussed at the level of sets, note that the
intermediate points [ y ] resp. [ v ] in the four geometric compositions above are
uniquely determined by
(
[x ], [ z ]
)
. This proves injectivity of the projection in the
geometric composition, and the same infinitesimal fact in the presence of a smooth
structure also proves transversality of the intersection, thus embeddedness of the
geometric compositions. For the true Lagrangian submanifolds, the corresponding
identities – up to Hamiltonian isotopy – are conjectured in [57, 3.6.1].
(6) For attaching circles α, β ⊂ Σ with unique transverse intersection point we have
LTα ◦ Lβ =
{(
[x ], [ z ]
) ∣∣∃[ y ] ∈MΣ : ([ y ], [x ]) ∈ Lα, ([ y ], [ z ]) ∈ Lβ}
=
{([
(xi)i=2,...g+n
]
,
[
(zi)i=2,...g+n
]) ∣∣ (2.5.2), φ(xi) = zi ∀i ≥ 3} ' gr(Lφ),
where the intermediate point [ y ] = [(y1, x˜2, . . . , x˜g+n)] = [(y
′
1, z˜2, . . . , z˜g+n)] after
permutation satisfies either z˜2 = y1 ∈ α, x˜2 = y′1 ∈ β or y1 = y′1 ∈ α t β,
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pi−1α (x2) = pi
−1
β (z2). In both cases pi
−1
α (xi) = pi
−1
β (zi) for i ≥ 3 can be rewritten as
φ(xi) = zi by φ ◦ piα = piβ. For i = 2 we have
(2.5.2) x2 ∈ piα(β), z2 ∈ piβ(α) or pi−1α (x2) = pi−1β (z2) ∈ Σr(α ∪ β).
In view of the additional property φ(piα(β)) = piβ(α) of the diffeomorphism φ :
Σα → Σβ the expectation is that (2.5.2) is equivalent (up to Hamiltonian isotopy
of the Lagrangian) to φ(x2) = z2.
Note moreover that the intermediate point [ y ] is uniquely determined by(
[x ], [ z ]
)
, which as before would proves embeddedness of the geometric com-
position LTα ◦ Lβ if the same fact holds after adjustment to achieve a smooth
structure.
In the true Lagrangian setting of [57], this move has not been addressed yet.
Remark 2.5.7 (Monoidal structures and gauge theory for disconnected surfaces).
Note that the functor arising from infinite dimensional gauge theory in Example 2.5.2
can equally be applied to disconnected surfaces and cobordisms and intertwines the
disjoint union unionsq on Bor2+1 with a natural monoidal structure on the symplectic
category – the Cartesian product:
A(Σ unionsq Σ′) = A(Σ)×A(Σ′), L(Y unionsq Y ′) = L(Y )× L(Y ′).
The same can be said for the representation spaces in Example 2.5.4, but it no
longer holds in the gauge theoretic settings in which we actually obtain smooth, finite
dimensional symplectic manifolds and Lagrangians. While the symmetric product of
a disconnected surface at least is given by a union of Cartesian products, e.g.
Sym2(Σ unionsq Σ′) = Sym2(Σ) unionsq Sym1(Σ)× Sym1(Σ′) unionsq Sym2(Σ′),
the representation spaces of Remark 2.5.5 become singular on disconnected surfaces.
Indeed, a puncture pt ∈ ΣunionsqΣ′ lies on only one of the connected components, w.l.o.g.
pt ∈ Σ, so that the holonomy of a flat connection yields an element of
Hom
(
pi1((Σ unionsq Σ′)rpt), SU(2)
)
= Hom
(
pi1(Σrpt), SU(2)
)× Hom(pi1(Σ′), SU(2)),
and thus the moduli space of flat connections is M̂ΣunionsqΣ′ = M̂Σ×MΣ′ , where the second
factor is the singular representation space from Example 2.5.4.
Moreover, adding a requirement of compatibility with monoidal structures to our
notion of Floer field theory, such as Σ unionsq Σ′ 7→ MΣunionsqΣ′ = MΣ × MΣ′ for a functor
Bor2+1 → Symp, only makes sense if we also have compatibility such as M ×M ′ 7→
CM×M ′ = CM ⊗ CM ′ for the functor Symp → Cat, i.e. a natural factorization of the
category CM×M ′ that is associated to a Cartesian product of symplectic manifolds.
However, our construction of the symplectic 2-category and the induced functor in
§3.5 is such that the objects of CM×M ′ are general Lagrangian submanifolds of M×M ′,
not just split Lagrangians L × L′ ⊂ M ×M ′ arising from objects L ∈ ObjCM and
L′ ∈ ObjCM′ in the categories associated to the factors of the Cartesian product.
Homological algebra allows one to formulate a sense in which refined versions of
these categories may be equivalent, C˜M×M ′ ∼ C˜M ⊗ C˜M ′ , but it would likely require
significant restrictions on the geometry of the symplectic manifolds M,M ′.
30 KATRIN WEHRHEIM
2.6. Atiyah-Floer type conjectures for 3-manifold invariants. This section
discusses the invariants of 3-manifolds in the sense of §1.1 which arise abstractly from
2+1 connected Floer field theories as in Definition 2.4.4, and in the more specific
examples surveyed in §2.5. The notion of field theories originated with the idea of
obtaining invariants for manifolds by decomposing them into simpler pieces. This also
motivated the Atiyah-Floer conjecture in the context of Example 2.5.4 and Heegaard-
Floer homology, in which a (conjectural) invariant |I| : |Man3| → |Gr| takes values in
isomorphism classes of groups and is constructed roughly as follows (c.f. the outline
before Example 2.5.6).
(1) Choose a representative of [Y ] and a Heegaard splitting Y = H−0 ∪Σ H1 along a
surface Σ into two handlebodies Hi with ∂Hi = Σ
−. This is a special case of a
decomposition of the morphism [Y ] ∈ Mor2+1(∅, ∅) given by [Y ] = [H−0 ] ◦ [H1].
(2) Represent the dividing surface Σ by a symplectic manifold MΣ and the two han-
dlebodies by Lagrangians LHi ⊂MΣ, e.g. as follows in the Examples:
Ex.2.5.4: Using the map pi1(Σ)→ pi1(H) induced by inclusion Σ ↪→ H we set
LH :=
{
ρ
∣∣ ρ(γ) = id ∀[γ] = 0 ∈ pi1(H)} ⊂ MΣ := Hom(pi1(Σ), G)/∼ .
Ex.2.5.6: For g the genus of Σ and disjoint generators α1, . . . , αg ⊂ Σ ⊂ H of
pi1(H) (an additional choice that the invariant may depend on) we set
LH := Tα :=
{[
(z1, . . . , zg)
] ∣∣ zi ∈ αi} ⊂ MΣ := SymgΣ.
(3) Take |I|([Y ]) to be the isomorphism class of the Floer homology HF (LH0 , LH1).
(4) Check that different choices of representatives and Heegaard splittings yield iso-
morphic Floer homology groups.
The last step of this program is a major challenge. In the context of Example 2.5.4,
this step would follow from the Atiyah-Floer conjecture below, since instanton Floer
homology arises from the ASD Yang-Mills equation on R× Y , thus does not depend
on the choice of a Heegaard splitting, and in fact yields a 3-manifold invariant, i.e. is
independent – up to isomorphism – from other choices involved in the construction.
In the context of Example 2.5.6, the invariance in Step 4 was proven as part of the
construction [56], but also follows from the analogue of the Atiyah-Floer conjecture
established in [37], which identifies the three flavours of Heegaard Floer homology
with three flavours of monopole Floer homology. The latter arise from the Seiberg-
Witten equation on R× Y and were proven to be a 3-manifold invariant in [35].
Conjecture 2.6.1 (Atiyah-Floer type conjectures for Heegaard splittings). For any
Heegaard splitting Y = H−0 ∪Σ H1 of a closed 3-manifold Y there are isomorphisms
Ex.2.5.4: HF (LH0 , LH1) ' HFinst(Y ), if Y is a homology 3-sphere25,
Ex.2.5.6: HF ···(LH0 , LH1) ' HF ···mon(Y ) for the three versions HF+, HF−, ĤF .
In the context of Example 2.5.4, a well defined part of this conjecture (equality
of Euler characteristics) was proven by Taubes [69]. Defining the full Lagrangian
Floer homology would require a notion of pseudoholomorphic curves in the singular
representation space MΣ, which has not yet been approached. Aside from this, a
25A closed 3-manifold is called (integral) homology 3-sphere if its homology groups with Z-
coefficients H∗(Y ;Z) ' H∗(S3;Z) coincide with those of the 3-sphere. This assumption guarantees
the absence of nontrivial reducible connections on Y .
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proof approach was outlined in [62, 76], extending the proof in [18] of the well posed
Atiyah-Floer type conjecture described in Remark 2.6.4. Another well defined version
of the original Atiyah-Floer conjecture for trivial SU(2)-bundles was formulated by
Salamon [62] in the context of the infinite dimensional Floer field theory outlined
in Example 2.5.2. For Heegaard splittings of homology 3-spheres Y = H−0 ∪Σ H1 it
asserts the existence of an isomorphism that involves an instanton Floer homology for
the pair of infinite dimensional Lagrangians LH0 ,LH1 and was recently proven in [64]
with field theoretic methods. Roughly speaking, the existence of a 2-category which
comprises both handlebodies H and their associated Lagrangians LH as 1-morphisms
allows us to express the notion of a “local” isomorphism H ∼ LH , which – once
proven – implies more “global” isomorphisms (see Remark 3.4.5) such as
(2.6.1) HFinst([0, 1]× Σ,LH0 × LH1) ' HFinst(Y ).
In particular, this proves that the above Steps 1–3 applied to Example 2.5.2 yield
a well defined invariant for homology 3-spheres, i.e. the left hand side of (2.6.1) is
independent of the choice of Heegaard splitting, as required in Step 4.
A more conceptual reason26 for the invariance in Step 4 would be given by an
extension of the constructions in Steps 1–3 to a 3-manifold invariant resulting from a
(connected) 2+1 Floer field theory as outlined below, together with an extension of
the symplectic category to a 2-category as in Example 3.5.1.
(1) The Heegaard splitting Y = H−0 ∪Σ H1 is a decomposition of the morphism
[Y ] ∈ MorBorconn2+1 (∅, ∅) given by [Y ] = [H−0 ] ◦ [H1].
(2) The representation by symplectic data can be viewed as determining parts of a
functor F : Borconn2+1 → Symp by associating to the empty set ∅ ∈ ObjBorconn2+1 the
trivial symplectic manifold given by a point F(∅) := pt ∈ ObjSymp, to nonempty
surfaces Σ ∈ ObjBorconn2+1 the given symplectic manifolds F(Σ) := MΣ, and to
handlebodies H ∈ MorBorconn2+1 (∅,Σ) the Lagrangian F(Hi) := LHi ⊂ pt− ×MΣ.
(3) The Floer homologyHF (LH0 , LH1) = Mor
2
Symp(LH0 , LH1) is the 2-morphism space
for LH0 , LH1 ∈ Mor1Symp(pt,MΣ) in the symplectic 2-category.
(4) Check that the construction in 2. extends to a functor F : Borconn2+1 → Symp.
Here the functoriality in Step 4 guarantees in particular that different Heegaard
decompositions H˜−0 ∪Σ˜ H˜1 = Y = H−0 ∪Σ H1 of the same 3-manifold, i.e. different
factorizations [H˜−0 ] ◦ [H˜1] = [Y ] = [H−0 ] ◦ [H1] ∈ MorBorconn2+1 (∅, ∅) are mapped to
equivalent composable chains of Lagrangians
[LH˜−0
] ◦ [LH˜1 ] = [LY ] = [LH−0 ] ◦ [LH1 ] ∈ MorSymp(pt, pt).
Within the symplectic 2-category, this corresponds to isomorphic 1-morphisms
LH˜−0
◦ LH˜1 ∼ LY ∼ LH−0 ◦ LH1 in Mor
1
Symp(pt, pt).
Now the symplectic 2-morphism spaces extend to tuples using quilted Floer homol-
ogy as explained in Remark 3.4.4 and §3.5. These cyclic morphism spaces have
26 This reasoning is based on noting that Heegaard splittings Y = H−0 ∪Σ H1 arise from special
Cerf decompositions Y = Y −α1 ∪Σ1 . . . Y −αn ∪Σ Yβn . . . ∪Σ′1 Yβ1 in which all handles of the same index
are grouped together. Composing the handles of equal index yields the corresponding handlebodies
H1 = Yβn . . . ∪Σ′1 Yβ1 and H0 =
(
Y −α1 ∪Σ1 . . . Y −αn
)−
= Yαn . . . ∪Σ1 Yα1 , and the moves between
Heegaard splittings can be expressed in terms of Cerf moves.
32 KATRIN WEHRHEIM
a cyclic symmetry that in particular induces identifications Mor2Symp(LH0 , LH1) =
Mor2Symp(idpt, LH−0 ◦ LH1) where idpt ∈ Mor
1
Symp(pt, pt) is the identity element given
by the diagonal. With that, the isomorphism between 1-morphisms induces an iso-
morphism between the Floer homologies viewed as 2-morphism spaces,
HF (LH0 , LH1) = Mor
2
Symp(idpt, LH−0 ◦ LH1)(2.6.2)
' Mor2Symp(idpt, LH˜−0 ◦ LH˜1) = HF (LH˜0 , LH˜1).
While this is a more conceptual explanation of the invariance of Heegaard Floer
homology than the direct proof by Ozsvath-Szabo in [56], it is yet to be completed
in the setting of Example 2.5.6. In the above language, [57, Lemma 3.17] shows that
the geometric composition LYαn ◦ . . .◦LYα1 is smoothly isotopic to the Heegaard torus
LH0 = Tα used in [56], and [38] announces this to be a Hamiltonian isotopy, but a
result along these lines is so far only proven for handle slides (changing the order
between handle attachments and diffeomorphisms) in [59].
These 2-categorical considerations do however lead to natural extensions of the
Atiyah-Floer type conjectures to Cerf decompositions.
Conjecture 2.6.2 (Atiyah-Floer type conjectures for (cyclic) Cerf decompositions).
For any Cerf decomposition [Y ] = [Y01] ◦ . . . [Y(k−1)k] of a closed 3-manifold Y into
simple cobordisms Yi(i+1) there are isomorphisms
Ex.2.5.4: HF (LY01 , . . . , LY(k−1)k) ' HFinst(Y ),
Ex.2.5.6: HF ···(LY01 , . . . , LY(k−1)k) ' HF ···mon(Y ).
Another version of this conjecture is an expected isomorphism between link in-
variants that arise from a Floer field theory for tangle categories in [85] (in which
invariance under isotopy of the link embedding remains to be proven) and Floer
homology invariants defined from singular instantons in [36].
Here the Cerf decomposition Y = Y01 ∪Σ1 . . . ∪Σk−1 Y(k−1)k arises from a Morse
function f : Y → R and choices of regular level sets Σj = f−1(bj) which separate
the critical points of f . Analogous conjectures are obtained by working with cyclic
Cerf decompositions Y =
(
Y01 ∪Σ1 . . . ∪Σk−1 Y(k−1)k
)
/Σ0 ' Σk which arise from S1-
valued Morse functions f : Y → S1 and regular level sets Σj = f−1(bj) with a cyclic
identification ∂Y01 ⊃ Σ0 = f−1(b0 = bk) = Σk ⊂ ∂Y(k−1)k. In this setting we can
work as in Example 2.5.6 with symmetric products Symg+n(Σ), where g is the genus
of the surface Σ and n ∈ Z is any fixed integer, by restricting consideration to Morse
functions whose regular fibers have genus ≥ −n as laid out in [57, 71, 38]. Similarly,
cyclic Cerf decompositions in the context of Example 2.5.4 allow us to work with
nontrivial bundles as in Remark 2.5.5, and thus obtain well defined Atiyah-Floer
type conjectures, most notably for nontrivial SO(3) bundles as discussed below.
Example 2.6.3 (Cyclic Atiyah-Floer type conjecture for nontrivial SO(3) bundles).
The Floer field theory outlined in Example 2.5.4 is made rigorous in [85] by replacing
trivial SU(2)-bundles with nontrivial SO(3)-bundles. However, this excludes the
empty set (over which any bundle is trivial) from the objects and thus does not allow
for handlebodies (cobordisms from the empty set to a surface) as morphisms. So in
this context we cannot rigorously formulate an Atiyah-Floer type Conjecture 2.6.1
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for Heegaard splittings, but Conjecture 2.6.2 for cyclic Cerf decompositions does have
a well defined meaning: An identification between the instanton Floer homology of
a 3-manifold Y with cyclic Cerf decomposition and the Floer homology of a cyclic
sequence of Lagrangians LY arising from this Cerf decomposition,
HF
(
LY = (LY(j−1)j)j∈Zk
) ' HFinst(Y = (Y01 ∪Σ1 . . . ∪Σk−1 Y(k−1)k)/Σ0 ' Σk).
Here HF (LY ) is defined in terms of quilted pseudoholomorphic cylinders in [80], but
is also directly identical to the standard Floer homology
HF (LY ) = HF
(
(LY01 × . . . LY(k−1)k)T ,∆MΣ0 × . . .∆MΣk−1
)
for a pair of Lagrangians in MΣ0 ×M−Σ0 × . . .MΣk−1 ×M−Σk−1 , where the first requires
a permutation of factors (. . .)T : M−Σ0 × . . .M−Σk−1 ×MΣ0 →MΣ0 ×M−Σ0 × . . .M−Σk−1 .
Remark 2.6.4 (Approaches to Atiyah-Floer conjecture for nontrivial SO(3) bun-
dles). The cyclic version of Conjecture 2.6.2 in Example 2.6.3 was proven by Dostoglou-
Salamon [18] for 3-manifolds equipped with a Morse function f : Y → S1 without
critical points, so that all fibers Σi ' Σ are diffeomorphic and thus Y = ([0, 1]×Σ)/φ is
the mapping cylinder of a diffeomorphism φ : Σ→ Σ on a regular level set Σ = f−1(b0)
arising from the flow of ∇f on Yrf−1(b0). This gives rise to a symplectomorphism
Lφ : MΣ →MΣ, for which the Floer homology HF (Lφ) = HF (graphLφ,∆MΣ) can be
constructed without boundary conditions. Then the proof of the Atiyah-Floer type
isomorphism HF (Lφ) ' HFinst(([0, 1]×Σ)/φ) directly identifies the Floer complexes
by an adiabatic limit in which the metric on Σ is scaled by 2 → 0.
In the presence of critical points this argument is expected to generalize by par-
titioning Y = (Y01 ∪Σ1 . . . ∪Σk−1 Y(k−1)k)/Σ0 ' Σk into thickenings of the surfaces
[0, 1]×Σj with metric ds2 + 2gΣj and handle attachments Yij with metric 2gYij . As
a result, the volumes Vol([0, 1]×Σj) ∼ 2 and Vol(Yij) ∼ 3 scale differently, which in-
dicates different degenerations on these types of pieces. Here the absence of reducibles
guarantees linear bounds d
(
A,Aflat
) ≤ C‖FA‖ of the distance of a connection (on Σj
or Yij) to the flat connections in terms of its curvature, so that the adiabatic limit
analysis [18] can be combined with the analytic setup for boundary conditions in
gauge theory [74, 75] to obtain a compactness result: Solutions of the ASD equation
defining the instanton Floer differential converge for  → 0 to pseudoholomorphic
curves in the MΣj , whose boundaries match up via the LYij , thus giving rise to a
contribution to the (quilted) Lagrangian Floer differential. This initial motivation
for the conjecture was fleshed out with analytic details in [77] and recently explicitly
put into quilted settings in [20], but the proof of a 1-1 correspondence between the
differentials remains to be completed.
An alternative approach closer to completion is based on a strategy outlined in
[62, 76] via an intermediate instanton Floer homology HFinst
(⊔
j[0, 1]× Σj, (LYij)
)
associated to the manifold with boundary
⊔
j[0, 1] × Σj and boundary conditions
given by infinite dimensional Lagrangians LYij as in Example 2.5.2. Its identification
with HF
(
LY = (LYij)
)
should follow from a direct generalization of the adiabatic
limit analysis [18] to Lagrangian boundary conditions. On the other hand, an iso-
morphism as in (2.6.1) between the “closed” and “open” instanton Floer homologies
HFinst
(⊔
j[0, 1] × Σj, (LYij)
) ' HFinst(Y ) could also be approached by degenerating
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only the metric on the handle attachments Yij. Instead of using a metric degenera-
tion, this can also be approached by a “local to global” field theoretic argument as
explained above and in Remark 3.4.5, where the strategy is to prove an isomorphism
Yij ∼ LYij in a 2-categorical setting, which then implies the desired isomorphism of
Floer homologies similar to the argument for equation (2.6.2) above. In the case of
trivial SU(2)-bundles, this approach is implemented in [64] and directly transfers to
any setting in which the fundamental classes [LYij ] of the associated finite dimensional
Lagrangians induce well defined classes in the “2-morphism spaces” resp. “localized
Floer theories” HFinst(Yij,LYij).
Finally, a third approach pioneered by Fukaya [24] is to avoid adiabatic limit anal-
ysis and construct a direct chain map between the instanton and Lagrangian Floer
chain complexes. This should again be understood as a “local to global” field theoretic
argument, based on an implicit isomorphism Yij ∼ LYij . In this case, an appropri-
ate 2-categorical setting needs to combine the ASD and Cauchy-Riemann equation.
Aside from metric degeneration proposals in [24], this can be achieved by Lagrangian
seam conditions as discussed in Example 3.6.7 and [43].
3. Extensions of Floer field theories
3.1. 2-categories and bicategories. In the construction of both the bordism and
symplectic categories we introduced an equivalence relation between the morphisms
in order to obtain a geometrically meaningful notion of composition. An algebraically
cleaner way of phrasing the requirements on this relation – in particular compatibility
with the desired notion of composition – is in terms of 2-morphisms between the
morphisms, forming either a 2-category or the slightly weaker notion of bicategory.
Once these notions and some examples are established, we will cast the construction
of bordism and symplectic categories in these 2-categorical terms.
Definition 3.1.1. A 2-category C is a category enriched in categories, i.e. consists
of
• a set ObjC of objects,
• for each pair x1, x2 ∈ ObjC a category of morphisms MorC(x1, x2), i.e.
– a set Mor1C(x1, x2) of 1-morphisms,
– for each pair f, g ∈ Mor1C(x1, x2) a set of 2-morphisms Mor2C(f, g),
– for each triple f, g, h ∈ Mor1C(x1, x2) an associative vertical composition
Mor2C(f, g)×Mor2C(g, h)→ Mor2C(g, h), (α12, β12) 7→ α12 ◦v β12,
– for each f ∈ Mor1C(x1, x2) an identity idf ∈ Mor2C(f, f) for ◦v,
• a composition functor MorC(x1, x2)×MorC(x2, x3)→ MorC(x1, x3) for each triple
x1, x2, x3 ∈ ObjC, i.e.
– an associative horizontal composition on 1-morphisms
Mor1C(x1, x2)×Mor1C(x2, x3)→ Mor1C(x1, x3), (f12, f23) 7→ f12 ◦h f23,
– for each x ∈ ObjC an identity 1x ∈ Mor1C(x, x) for ◦h, that is 1x ◦h f = f for any
f ∈ Mor1C(x, y) and g ◦h 1x = g for any g ∈ Mor1C(w, x).
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– for any (f12, f23), (g12, g23) ∈ Mor1C(x1, x2) × Mor1C(x2, x3) an associative hori-
zontal composition on 2-morphisms,
Mor2C(f12, g12)×Mor2C(f23, g23) −→ Mor2C(f12 ◦h f23, g12 ◦h g23)
(α12, α23) 7−→ α12 ◦h α23,
that is compatible with identities, i.e. for f12 = g12 ∈ Mor1C(x1, x2) and f23 =
g23 ∈ Mor1C(x2, x3) we have
idf12 ◦h idf23 = idf12◦hf23 ,
and is compatible with vertical composition, i.e. for α12, β12 ∈ Mor2C(f12, g12) and
α23, β23 ∈ Mor2C(f23, g23) we have
(α12 ◦v β12) ◦h (α23 ◦v β23) = (α12 ◦h α23) ◦v (β12 ◦h β23).
A graphical representation of the structure and axioms of 2-categories is by string
diagrams, as discussed in §3.4. In [78] these were motivated as a natural visualiza-
tion of 4-dimensional manifolds with boundary and corners, as they appear in the
extension of 2+1 bordism categories. However, we will see in §3.2 that instead of
a 2-category this yields the following notion of bicategory, in which the horizontal
unital and associativity requirements on 1-morphisms are relaxed.
Definition 3.1.2. A bicategory C consists of a set ObjC of objects and categories of
morphisms MorC(x1, x2) as in Definition 3.1.1 (i.e. 1-morphisms, 2-morphisms, verti-
cal composition ◦v, and units idf), and for each triple x1, x2, x3 ∈ ObjC a horizontal
bifunctor ◦h :
(
MorC(x1, x2),MorC(x2, x3)
)→ MorC(x1, x3) consisting of
• a horizontal map on 1-morphisms
◦1h : Mor1C(x1, x2)×Mor1C(x2, x3)→ Mor1C(x1, x3),
• for any composable pairs (f12, f23), (g12, g23) a horizontal map on 2-morphisms
◦2h : Mor2C(f12, g12)×Mor2C(f23, g23)→ Mor2C
(◦h(f12, f23), ◦h(g12, g23)),
that make ◦h into a bifunctor and horizontal composition up to 2-isomorphism,
as follows:
• ◦h = (◦1h, ◦2h) is compatible with vertical identities, i.e. ◦2h(idf12 , idf23) = id◦1h(f12,f23),
• ◦2h is associative and compatible with vertical composition, i.e.
◦2h(◦2h(α12, α23), α34) = ◦2h(α12, ◦2h(α23, α34)),
◦2h(α12 ◦v β12, α23 ◦v β23) = ◦2h(α12, α23) ◦v ◦2h(β12, β23),
• ◦1h is associative up to 2-isomorphism, i.e. ◦1h
(
f, ◦1h(g, h)
) ∼ ◦1h(◦1h(f, g), h), where
the relation ∼ on Mor1C is defined by
k ∼ k′ ⇐⇒ ∃α, β ∈ Mor2C : idk = α ◦v β, idk′ = β ◦v α,
• ◦1h is unital up to 2-isomorphism, i.e. for each y ∈ ObjC there exists a (not neces-
sarily unique) weak identity 1-morphism 1y ∈ Mor1C(y, y) such that
◦1h(f, 1y) ∼ f ∀f ∈ Mor1C(x, y), ◦1h(1y, g) ∼ g ∀g ∈ Mor1C(y, z).
An instructive non-example of a bicategory (or 2-category) is the attempt to extend
the category of sets and maps by a notion of conjugacy as 2-morphisms.
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Example 3.1.3 (Categorical structure of sets, maps, and conjugacy). The category
of sets consists of sets as objects and maps f12 : S1 → S2 as 1-morphisms from S1
to S2, with horizontal composition f12 ◦h f23 given by composition of maps. One
might want to add further structure to the sets and ask it to be preserved by the
maps – e.g. forming the linear category of vector spaces and homomorphisms – but
the underlying form of many categories is given by sets and maps. In the linear
category, a natural relation between homomorphisms arises from a change of basis,
which is formalized as the conjugation with an isomorphism. Generally, for each pair
of maps f12, g12 ∈ Mor1C(S1, S2) between the same two sets S1, S2, one would like to
let 2-morphisms be given by conjugation with bijections,
Mor2C(f12, g12) :=
{
α12 = (α1, α2)
∣∣αi : Si → Si bijections, α−12 ◦ f12 ◦ α1 = g12}.
This defines a category MorC(S1, S2) since conjugations have a well defined (and
associative, unital) vertical composition:
α−12 ◦ f12 ◦ α1 = g12, β−12 ◦ g12 ◦ β1 = h12 ⇒ (α2 ◦ β2)−1 ◦ f12 ◦ (α1 ◦ β1) = h12.
That is, setting (α1, α2)◦v (β1, β2) := (α1 ◦β1, α2 ◦β2) composes two conjugacies from
f12 to g12 and from g12 to h12 to a conjugacy from f12 to h12. In other words, conjugacy
is an equivalence relation – its transitivity corresponds to a well defined vertical
composition. Next, a well defined horizontal bifunctor would require conjugacy to be
compatible with composition of maps, that is
α−12 ◦ f12 ◦ α1 = g12, α˜−13 ◦ f23 ◦ α˜2 = g23 ⇒ γ−13 ◦ (f23 ◦ f12) ◦ γ1 = g23 ◦ g12
for some bijections (γ1, γ3) := ◦h
(
(α1, α2), (α˜2, α˜3)
)
. However, this implication gener-
ally only holds if we have α2 = α˜2 in
α˜−13 ◦ f23 ◦ α˜2 ◦ α−12 ◦ f12 ◦ α1 = g23 ◦ g12.
Thus our constructions do not yield a 2-category or bicategory. This corresponds to
the fact that composition of maps does not descend to a well defined composition of
conjugacy classes. In those terms, the above discussion shows that [f12] = [g12] and
[f23] = [g23] does generally not imply [f12 ◦ f23] = [g12 ◦ g23]. In fact, we will see in
Remark 3.1.7 that a bicategorical structure is exactly what is needed to obtain a well
defined composition on the level of equivalence classes of 1-morphisms.
A better behaved notion of conjugacy-type equivalence between map-type objects
is the following notion of natural transformations between functors, which are an
equivalence relation (define a category) and are compatible with composition (fit
into a horizontal composition functor) as we show in the following Lemma. Here we
moreover review the category of functors and a composition functor on it.
Lemma 3.1.4. The category of functors Fun(C,D) is well defined as follows.
• Objects are functors F : C → D.
• Morphisms η ∈ MorFun(C,D)(F ,G) are natural transformations η : F ⇒ G given
by a map η : ObjC → MorD which takes each x ∈ ObjC to a morphism η(x) ∈
MorD(F(x),G(x)) such that we have
k ∈ MorC(x, y) =⇒ F(k) ◦ η(y) = η(x) ◦ G(k).
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• Composition of natural transformations η : F ⇒ G and ζ : G ⇒ H is given by
(η ◦v ζ) : x 7→ η(x) ◦ ζ(x) as in Figure 6, giving rise to a map
◦v : MorFun(C,D)(F ,G)×MorFun(C,D)(G,H)→ MorFun(C,D)(F ,H).
• The identity natural transformations idF : F ⇒ F are given by idF(x) = idF(x) for
all x ∈ ObjC.
Figure 6. Vertical composition of natural transformations.
Moreover, for any triple of categories C0, C1, C2, the horizontal composition
functor ◦h : Fun(C0, C1)× Fun(C1, C2)→ Fun(C0, C2) is well defined as follows.
• Composition of functors (F01,F12) 7→ F01◦hF12 is given by composition of the maps
ObjCi → ObjCi+1 and MorCi → MorCi+1 which make up Fi(i+1) for i = 0, 1.• The identities for this horizontal composition are given by the identity functors
1C ∈ Fun(C, C).
• For each pair of objects (F01,F12), (G01,G12) ∈ Fun(C0, C1)×Fun(C1, C2) in the prod-
uct category, the horizontal composition of natural transformations, as illustrated
in Figure 7 is
◦h : MorFun(C0,C1)(F01,G01)×MorFun(C1,C2)(F12,G12)
→ MorFun(C0,C2)(F01 ◦ F12,G01 ◦ G12)(
η01 ◦h η12
)
(x) := η12
(F01(x)) ◦ G12(η01(x)) = F12(η01(x)) ◦ η12(G01(x)).
Proof. The (vertical) composition of natural transformations in Fun(C,D) is well de-
fined since for all k ∈ MorC(x, y) we have
F(k) ◦ (η ◦ ζ)(y) = F(k) ◦ η(y) ◦ ζ(y) = η(x) ◦ G(k) ◦ ζ(y)
= η(x) ◦ ζ(x) ◦ H(k) = (η ◦ ζ)(x) ◦ H(k).
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Figure 7. Horizontal composition of natural transformations η01 (in
green) and η12 (in orange).
It is associative by associativity of the composition ◦ in D, and it is unital with
1F : x 7→ idF(x). The (horizontal) composition of functors is well defined in the same
way in which composition of maps is well defined. The horizontal composition of
natural transformations η01 : F01 ⇒ G01 and η12 : F12 ⇒ G12 is well defined since for
all k ∈ MorC(x, y) we have
(F01 ◦ F12)(k) ◦ (η01 ◦h η12)(y) = F12
(F01(k)) ◦ η12(F01(y)) ◦ G12(η01(y))
= η12
(F01(x)) ◦ G12(F01(k)) ◦ G12(η01(y))
= η12
(F01(x)) ◦ G12(F01(k) ◦ η01(y))
= η12
(F01(x)) ◦ G12(η01(x) ◦ G01(k))
= η12
(F01(x)) ◦ G12(η01(x)) ◦ G12(G01(k))
= (η01 ◦h η12)(x) ◦ (G01 ◦ G12)(k).
Moreover, the identity η12
(F01(x)) ◦ G12(η01(x)) = F12(η01(x)) ◦ η12(G01(x)) follows
from applying η12 to the morphism η01(x) : F01(x)→ G01 in C1.
This horizontal composition is compatible with identities since for Fij : Ci → Cj
and x ∈ ObjC0 we have
(
1F01 ◦h 1F12
)
(x) = idF12(F01(x)) ◦ F12
(
idF01(x)
)
= idF12(F01(x)) = 1F12◦hF01(x),
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and it is compatible with vertical composition since for ηij : Fij ⇒ Gij and ζij : Gij ⇒
Hij and x ∈ ObjC0 we have(
η01 ◦v ζ01
) ◦h (η12 ◦v ζ12)(x) = (η12 ◦v ζ12)(F01(x)) ◦ H12((η01 ◦v ζ01)(x))
= η12
(F01(x)) ◦ ζ12(F01(x)) ◦ H12(η01(x)) ◦ H12(ζ01(x))
= η12
(F01(x)) ◦ G12(η01(x)) ◦ ζ12(G01(x)) ◦ H12(ζ01(x))
=
(
η01 ◦h η12
) ◦v (ζ01 ◦h ζ12)(x). 
The well defined category of functors and horizontal composition functor now yield
an extension of the category of categories in Example 2.1.5 to a 2-category.
Example 3.1.5. The 2-category of categories Cat consists of
• objects given by categories C,
• the morphism category for any pair of categories C1, C2 given by the category of
functors Fun(C1, C2),
• the horizontal composition functor ◦h : Fun(C0, C1)× Fun(C1, C2)→ Fun(C0, C2) for
each triple of categories C0, C1, C2.
Leading towards the next example of 2-categories, the construction of the symplec-
tic category in Definition 2.2.2 can be understood as reconstructing a category from
its simple morphisms and Cerf moves. For that purpose it is useful to express this
Cerf data as the following “resolution” of the original category.
Example 3.1.6 (Resolution of a category with Cerf decompositions). Given a cate-
gory C with Cerf decompositions into simple morphisms unique up to Cerf moves as
in Definition 2.3.2, the 2-category C# is defined by
• the set of objects ObjC# := ObjC,
• the set of 1-morphisms Mor1C# given by finite composable chains of simple mor-
phisms, with horizontal composition given by concatenation of chains,
• the set of 2-morphisms Mor2C# ⊂ Mor1C# ×Mor1C# given by pairs of 1-morphisms
that are related via a sequence of Cerf moves.
For this to define a 2-category, one should allow for empty chains as identity 1-
morphisms. Vertical composition of 2-morphisms is well defined, associative and
unital since relation via Cerf moves is an equivalence relation. Horizontal compo-
sition of 2-morphisms (L12, L
′
12) ◦2h (L23, L′23) := (L12#L23, L′12#L′23) is compatible
with vertical composition because the equivalence via Cerf moves is designed to be
compatible with concatenation. Now – although the composition in C is encoded in
C# only via the Cerf moves – the original category C can be reconstructed as the
quotient C ∼= C#/∼ = |C#| defined in Remark 3.1.7 below.
This is exactly how the symplectic category was constructed in Definition 2.2.2.
Indeed, for C = Symp the above construction reproduces Definition 2.2.1 of the ex-
tended symplectic category C# = Symp# and extends it to a 2-category by adding
the geometric composition moves as 2-morphisms, whose vertical and horizontal com-
positions are well defined due to the equivalence relation ∼ being compatible with
the horizontal 1-composition ◦1h = # by concatenation in Symp#. If one wishes to
avoid empty chains, it can be viewed as a bicategory in which horizontal composi-
tion is strictly associative, but the diagonals ∆M ⊂ M− ×M only provide identities
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up to 2-isomorphism given by the embedded compositions L01 ◦ ∆M1 = L01 and
∆M1 ◦ L12 = L12.
Conversely, any bicategory (not just those arising from Cerf decompositions as in
Example 3.1.6) gives rise to a 1-category by the following quotient construction.
Remark 3.1.7 (Quotient of a bicategory by 2-morphisms). Let D be a bicategory.
Two 1-morphisms f, g ∈ Mor1D(x, y) are called isomorphic f ∼ g if there exist 2-
morphisms α, β ∈ Mor2D(f, g) whose vertical compositions α◦vβ = idf and β◦vα = idg
are the identites. This defines an evidently symmetric relation, which is moreover
transitive and reflexive because the vertical composition ◦v is associative and unital.
Now the bicategory D induces a quotient 1-category |D| := D/∼ with the same
objects Obj|D| := ObjD and morphisms Mor|D| := Mor
1
D /∼ given as 1-morphisms
modulo the equivalence relation ∼. Here the horizontal 1-composition in D descends
to a well defined composition on the quotient |D| due to its compatibility with the
equivalence relation – which is the content of the assumption that the horizontal
bifunctor in D is compatible with identities and vertical composition.
3.2. Higher bordism categories. We begin with a more rigorous construction of
the bordism category Bord+1 in Example 2.1.2 as the quotient (as in Remark 3.1.7) of a
bicategory Bord+1+ comprising d-manifolds, (d+1)-cobordisms, and diffeomorphisms
of (d+ 1)-cobordisms. After that, we restrict to the case d = 2 and extend Bor2+1+
to a rigorous construction of a bordism bicategory Bor2+1+1 comprising 2-manifolds,
3-cobordisms, and 4-dimensional manifolds with boundary and corners.
Example 3.2.1. The d + 1+ bordism bicategory Bord+1+ of d-manifolds,
cobordisms, and diffeomorphisms is constructed as follows, with illustrations in
Figures 8 and 9.
• Objects in ObjBord+1+ are closed, oriented, d-dimensional manifolds.
• 1-morphisms in Mor1Bord+1+(Σ−,Σ+) are the representatives of morphisms in Bord+1,
that is triples (Y, ι−, ι+) consisting of a compact, oriented, (d+1)-dimensional man-
ifold Y with boundary and orientation perserving embeddings ι± : [0, 1]×Σ± → Y
to tubular neighbourhoods of the boundary components ∂Y = ι−(0,Σ−)unionsqι+(1,Σ+).
For reasons that we will explain in item ◦ below, we also require the images of ι±
to be disjoint in Y .
• 2-morphisms in Mor2Bord+1+((Y, ι±Y ), (Z, ι±Z)) between 1-morphisms (Y, ι±Y ), (Z, ι±Z) ∈
Mor1Bord+1+(Σ−,Σ+) are orientation preserving diffeomorphisms Ψ : Y → Z that
intertwine the tubular neighbourhood embeddings, Ψ ◦ ι±Y = ι±Z .
• Vertical composition is by composition of diffeomorphisms Φ ◦v Ψ = Ψ ◦ Φ. This is
evidently associative and has units id(Y,ι±) = idY , so the set Mor
1
Bord+1+
(Σ−,Σ+) of
1-morphisms between fixed objects Σ± forms a category.
• Horizontal 1-composition is given by the gluing operation27
(Y01, ι
−
01, ι
+
01) ◦1h (Y12, ι−12, ι+12) :=
(
Y01 unionsq Y12/
ι+01(s,x)∼ι−12(s,x)
, ι−01, ι
+
12
)
.
27 Here we could allow overlapping tubular neighbourhoods, since ι−01, ι
+
12 induce well defined
tubular neighbourhoods in the glued cobordism even if their images are not disjoint from the gluing
region im ι+01 ' im ι+12.
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Figure 8. Objects, 1-morphisms, and 2-morphisms of the bordism
bicategory Bor2+1+.
• Horizontal 2-composition of Ψij ∈ Mor2Bord+1+((Yij, ι±Yij), (Zij, ι±Zij)) for ij = 01 and
ij = 12 is given by gluing of the diffeomorphisms,
Ψ01 ◦2h Ψ12 : Y01 unionsq Y12
/
ι+Y01
(s,x)∼ι−Y12 (s,x)
−→ Z01 unionsq Z12/
ι+Z01
(s,x)∼ι−Z12 (s,x)
y ∈ Yij 7−→ Ψij(y),
which is well defined since for ι+Y01(s, x) ∼ ι−Y12(s, x) we have Ψ01(ι+Y01(s, x)) =
ι+Z01(s, x) ∼ ι−Z12(s, x) = Ψ12(ι−Y12(s, x)).• Horizontal composition is compatible with identities since for composable cobor-
disms Y01, Y12 both 2-morphisms idY01 ◦2h idY12 and idY01◦1hY12 are the identity map on
(Y01 unionsq Y12)/∼ .
• Horizontal 2-composition ◦2h is compatible with vertical composition since, when
given diffeomorphisms Φij ∈ Mor2Bord+1+((Yij, ι±Yij), (Zij, ι±Zij)) for ij = 01, 12, both
(Φ01◦2hΦ12)◦v(Ψ01◦2hΨ12) and (Φ01◦vΨ01)◦2h(Φ12◦vΨ12) are given by the compositions
Ψij ◦ Φij on each part Yij ⊂ Y01unionsqY12/ι+∼ι−.• Horizontal 1-composition is strictly associative since for composable (d+1)-dimensional
cobordisms Y01, Y12, Y23 both Y01 ◦1h
(
Y12 ◦1h Y23
)
and
(
Y01 ◦1h Y12
) ◦1h Y23 are given
by the disjoint union Y01 unionsq Y12 unionsq Y23 modulo the equivalence relation28 given by
ι+01(s, x) ∼ ι−12(s, x), ι+12(s, x) ∼ ι−23(s, x).
28 If the embeddings ι±12 had overlapping images, we could make the same construction by com-
pleting the equivalence relation with compositions ι+01(s, x) ∼ ι−12(s, x) = ι+12(s′, x′) ∼ ι−23(s′, x′).
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Figure 9. Composition and identities in Bor2+1+.
• Horizontal 2-composition is associative since for composable Yij and Zij as above
and Φij ∈ Mor2Bord+1+(Yij, Zij) both Φ12 ◦2h (Φ23 ◦2h Φ34) and (Φ12 ◦2h Φ23) ◦2h Φ34 are
given by Φij on each part Yij ⊂ Y01unionsqY12unionsqY23/ι+01∼ι−12,ι+12∼ι−23.
◦ Horizontal 1-composition ◦1h can also be made strictly unital, thus giving rise to a
2-category, if we allow the tubular neighbourhood embeddings to have overlapping
image. Then 1Σ,1 := ([0, 1] × Σ, ι±) with the canonical embeddings ι± = id[0,1]×Σ
would be a strict unit. However, other cylindrical cobordisms
1Σ,δ := ([0, 1]× Σ, ι±δ ) with ι−δ (s, x) := (δs, x), ι+δ (s, x) := (1− δ + δs, x)
for 0 < δ < 1 would have no 2-morphisms to the unit since such a diffeomorphism
on [0, 1]× Σ would be required to map im ι− = [0, 1]× Σ to im ι−δ = [0, δ]× Σ and
im ι+ = [0, 1] × Σ to im ι+δ = [1 − δ, 1] × Σ. So this bordism 2-category Bor′d+1+
would have too few 2-morphisms to achieve our topological vision of having just
one morphism in |Bor′d+1+| = Bord+1 that is represented by [0, 1] × Σ with the
canonical boundary identifications.
By requiring the tubular neighbourhood embeddings to have disjoint images,
we disallow 1Σ,δ for δ ≥ 12 as 2-morphism. On the other hand, the cylindrical
cobordisms for 0 < δ 6= δ′ < 1
2
are all equivalent,
1Σ,δ ∼ 1Σ,δ′ since id[0,1]×Σ = Ψ ◦Ψ−1, id[0,1]×Σ = Ψ−1 ◦Ψ,
for any diffeomorphism Ψ of [0, 1]× Σ which extends
(ι±δ′)
−1 ◦ ι±δ :
(
[0, δ] ∪ [1− δ, 1])× Σ→ ([0, δ′] ∪ [1− δ′, 1])× Σ.
• Horizontal 1-composition ◦1h in Bord+1+ is unital up to 2-isomorphism, with weak
units for any manifold Σ ∈ ObjBord+1+ given by the cylindrical cobordisms 1Σ,δ ∈
Mor1Bord+1+(Σ,Σ) for any 0 < δ <
1
2
. Indeed, for any appropriate (Y, ι±Y ), (Z, ι
±
Z) ∈
Mor1Bord+1+ we have
(Y, ι±Y ) ◦1h 1Σ,δ ∼ (Y, ι±Y ), 1Σ,δ ◦1h (Z, ι±Z) ∼ (Z, ι±Z)
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via appropriate diffeomorphisms
Ψ : Y unionsq ([0, 1]× Σ)/ι+Y ∼ ι−δ → Y, Φ : ([0, 1]× Σ) unionsq Z/ι+δ ∼ ι−Z → Z.
Here Ψ (and Φ similarly) is constructed as follows: Extend ι+Y to an embedding
ι˜+Y : [−1, 1]× Σ→ Yrim ι−Y . Then we have a natural diffeomorphism
Y unionsq ([0, 1]× Σ)/
ι+Y (s,·)∼ι−δ (s,·) ∀s∈[0,1]
' Y unionsq ([−δ, 1]× Σ)/
ι˜+Y (s,·)∼ι˜−δ (s,·) ∀s∈[−1,1]
with ι˜−δ : [−1, 1]×Σ→ [−δ, 1]×Σ, (s, x) 7→ (δs, x). Now we can construct Ψ by the
identity on Yrim ι˜+Y and a diffeomorphism [−δ, 1]× Σ→ ι˜+Y ([−1, 1]× Σ) given by
ι˜+Y ◦(ι˜−δ )−1 near {−δ}×Σ→ ι˜+Y (−1,Σ) and ι+Y ◦(ι+δ )−1 on [1−δ, 1]×Σ→ ι+Y ([0, 1]×Σ).
It intertwines the boundary embeddings Ψ ◦ ι+δ = ι+Y by construction, as required
for a 2-morphism from (Y, ι±Y ) ◦1h 1Σ,δ to (Y, ι±Y ).
This finishes the construction of the bordism bicategory Bord+1+. It particularly con-
tains representatives of the cylindrical cobordism Zφ ∈ MorBord+1(Σ0,Σ1) associated
to a diffeomorphism φ : Σ0 → Σ1 in (2.1.1), for any 0 < δ < 12 given by
Ẑφ,δ :=
(
×Σ1 , ι−δ : (s, x) 7→ (δs, φ(x)) ,
ι+δ : (s, x) 7→ (1− δ + δs, x)
)
∈ Mor1Bord+1(Σ0,Σ1).
These also reproduce the identity 1-morphisms Ẑid,δ = 1Σ,δ ∈ Mor1Bord+1(Σ,Σ).
The connected d + 1+ bordism bicategory Borconnd+1+ of connected d-
manifolds, connected cobordisms, and diffeomorphisms is constructed analo-
gously, using the objects and representatives of morphisms of Borconnd+1 .
Remark 3.2.2 (Quotient construction of the d+1 bordism category). Taking the
quotient of the bordism bicategories Bord+1+ and Bor
conn
d+1+ by their 2-morphisms
(i.e. diffeomorphisms of d + 1-cobordisms) as in Remark 3.1.7 now yields rigor-
ous definitions of the (connected) bordism categories Bord+1 := Bord+1+/∼ and
Borconnd+1 := Bor
conn
d+1+/∼ outlined in Examples 2.1.2 and 2.3.3.
In particular, the cylindrical cobordism Zφ associated in (2.1.1) to a diffeomorphism
φ : Σ0 → Σ1 is more rigorously defined as the equivalence class Zφ := [Ẑφ,δ] ∈
MorBord+1(Σ0,Σ1), which is independent of 0 < δ <
1
2
. This also reproduces the
identity morphisms Zid = [1Σ,δ] ∈ MorBord+1(Σ,Σ) in Bord+1.
For our applications we will restrict to dimension d = 2 and extend the above con-
structions to a bordism bicategory which includes “cobordisms of cobordisms” given
by 4-manifolds with boundaries and corners. Again, we give general constructions for
d ≥ 0 and restrict to d ≥ 2 to obtain a connected theory. We also use the illustrations
in case d = 2 to give a preview of the string diagram notation in §3.4.
Example 3.2.3. The bordism bicategory Bord+1+1 for d ≥ 0 consists of the
following, with representation by string diagrams illustrated in Figures 10 and 13.
• Objects in ObjBord+1+1 are closed oriented d-manifolds Σ as in Bord+1+.
• 1-morphisms in Mor1Bord+1+1(Σ−,Σ+) are triples (Y, ι−, ι+) of a compact, oriented
(d+1)-cobordism Y with disjoint embeddings ι± : [0, 1] × Σ± → Y to neighbour-
hoods of the boundary parts ∂Y = ι−(0,Σ−) unionsq ι+(1,Σ+) as in Bord+1+.
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Figure 10. Objects, 1-morphisms, and 2-morphisms of Bor2+1+1 and
their string diagram notation. These basic diagrams represent 4-
manifolds given by squares times surfaces, intervals times 3-cobordisms,
and 4-cobordisms with corners.
• 2-morphisms, i.e. morphisms in the category Mor1Bord+1+1(Σ−,Σ+) are equivalence
classes of tuples
[
(X, ι+X , ι
−
X , κ
−, κ+)
] ∈ Mor2Bord+1+1((Y, ι±Y ), (Z, ι±Z)) consisting of a
compact, oriented (d+2)-manifold X with boundary and corners and four orienta-
tion preserving embeddings as indicated in Figure 11,
ι±X : [0, 1]× [0, 1]× Σ± → X, κ− : [0, 1]× Y → X, κ+ : [0, 1]× Z → X.
The embeddings ι± and κ± are required to cover the boundary
∂X = κ−(0, Y ) unionsq κ+(1, Z) unionsq ι−((0, 1), 0,Σ−) unionsq ι+((0, 1), 1,Σ+)
in such a way that both pairs κ± and ι± have disjoint images, but we have mixed
overlaps on which κ± intertwines ι± with the boundary identifications ι±Y , ι
±
Z in the
sense that for some 0 < δ±Y , δ
±
Z <
1
2
and all s, t ∈ [0, 1], x ∈ Σ± we have
κ−
(
s, ι±Y (t, x)
)
= ι±X(δ
±
Y s, t, x), κ
+
(
s, ι±Z(t, x)
)
= ι±X(1− δ±Z + δ±Z s, t, x).(3.2.1)
Two such tuples are equivalent,
(
X0, ι
+
0 , ι
−
0 , κ
−
0 , κ
+
0
) ∼ (X1, ι+1 , ι−1 , κ−1 , κ+1 ), if there
exists a diffeomorphism F : X0 → X1 that intertwines the embeddings, i.e. F ◦ι±0 =
ι±1 and F ◦ κ±0 = κ±1 .
◦ The 2-morphisms Ψ : Y → Z in Bord+1+ appear in Bord+1+1 as the cylindrical
cobordisms of cobordisms IΨ :=
[
([0, 1]× Z, ι±, κ±δ )
] ∈ Mor2Bord+1+1 with
ι±(s, t, x) := (s, ι±Z(t, x)), κ
−
δ (s, y) :=
(
δs,Ψ(y)
)
, κ+δ (s, z) :=
(
1− δ + δs, z).
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Figure 11. A 2-morphism in Bor2+1+1 consists of a 4-manifold X
with a number of embeddings to collar neighbourhoods of its boundary
strata, which are compatible near the corners.
This is illustrated in Figure 12 and may help with understanding the compatibility
conditions (3.2.1) for the embeddings, which are naturally satisfied by Ψ ◦ ι±Y = ι±Z ,
κ−δ
(
s, ι±Y (t, x)
)
=
(
δs,Ψ(ι±Y (t, x))
)
=
(
δs, ι±Z(t, x)
)
= ι±(δs, t, z),
κ+δ
(
s, ι±Z(t, x)
)
=
(
1− δ + δs, ι±Z(t, z)
)
= ι±X(1− δ + δs, t, x).
Figure 12. Inclusion of Bord+1+ in Bord+1+1.
• Vertical composition of [(X ij, ι±ij, κ±ij)] ∈ Mor2Bord+1+1((Y i, ι±Y i), (Y j, ι±Y j)) labeled
by ij = 01 and ij = 12 between (Y i, ι±
Y i
) ∈ Mor1Bord+1+1(Σ−,Σ+) for i = 0, 1, 2 is
given by gluing the (d+2)-manifolds and embeddings as illustrated in Figure 13(
X01, ι±01, κ
±
01
) ◦v (X12, ι±12, κ±12) := (X01 unionsqX12/κ+01(s,y)∼κ−12(s,y) , ι±01 ◦h ι±12, κ−01, κ+12
)
.
Here the tubular neighbourhoods of the common boundaries ∂Y i ' Σ−− unionsq Σ+ are
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Figure 13. Compositions of 2-morphisms in Bor2+1+1 and their string
diagram notation. These more complicted diagrams represent construc-
tions of 4-manifolds by gluing squares times surfaces, intervals times
3-cobordisms, and 4-cobordisms with corners along common boundary
strata.
glued in the same way as the horizontal 2-composition ◦2h in Bord+1+, that is
ι±01 ◦h ι±12 : Q
01
± unionsqQ12±/
ι+
Q01±
∼ι−
Q12±
−→ X01 unionsqX12/
κ+01∼κ−12
(s, t, x) ∈ Qij± 7−→ ι±ij(s, t, x)
where Qij± := [0, 1]
2 × Σ± are representatives of 2-morphisms with the embeddings
ι±
Qij±
: [0, 1]× [0, 1]× Σ→ Qij± chosen so as to make the glued map well defined due
to the compatibility conditions in (3.2.1) for some δ±ij > 0,
κ+01
(
s, ι±Y 1(t, x)
)
= ι±01(1− δ±01 + δ±01s, t, x) =: ι±01
(
ι+
Q01±
(s, t, x)
)
∼ κ−12
(
s, ι±Y 1(t, x)
)
= ι±12(δ
±
12s, t, x) =: ι
±
12
(
ι−
Q12±
(s, t, x)
)
.
That is, we set ι+
Q01±
(s, t, x) := (1− δ±01 + δ±01s, t, x) and ι−Q12± (s, t, x) := (δ
±
12s, t, x).
This gluing construction on the level of representatives yields a well defined ver-
tical composition of equivalence classes because the equivalences are given by dif-
feomorphisms which intertwine the embeddings that are used to glue. Associativity
follows from direct associativity of gluing, and units are provided by the cylindri-
cal cobordisms of cobordisms id(Y,ι±) := IidY associated above to the identity map
Ψ = idY : Y → Y just as for ◦1h in Example 3.2.1. Thus Mor1Bord+1+1(Σ−,Σ+) for
fixed objects Σ± forms a category.
◦ Note that the vertical composition of 2-morphisms arising from diffeomorphisms in
Mor2Bord+1+ is compatible with the vertical composition in Bord+1+, that is
(3.2.2) IΦ01 ◦v IΦ12 = IΦ12◦Φ01 ∀Φij ∈ Mor2Bord+1+((Yi, ι±Yi), (Yj, ι±Yj)).
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Indeed, we have IΦ01 ◦v IΦ12 =
[(
[0, 1] × Y1, ι±01, κ±δ,Φ01
)] ◦v [([0, 1] × Y2, ι±12, κ±δ,Φ12)]
with ι±01 = id[0,1] × ι±Y1 , ι±12 = id[0,1] × ι±Y2 , κ−δ,Ψ(s, y) =
(
δs,Ψ(y)
)
, and κ+δ,Ψ(s, z) =(
1− δ + δs, z) is represented by the (d+2)-manifold(
[0, 1]× Y1
) unionsq ([0, 1]× Y2)/
(1−δ+δs,y)∼(δs,Φ12(y)) ' [0, 2− δ]× Y2,
via the diffeomorphism induced by id[0,1] × Φ12 : [0, 1] × Y1 → [0, 1] × Y2 and
(r 7→ r + 1 − δ) × idY2 : [0, 1] × Y2 → [1 − δ, 2 − δ] × Y2. The corresponding
embeddings are
ι±01 ◦h ι±12 =
(
id[0,1] × ι±Y1
) ◦h (id[0,1] × ι±Y2) ' id[0,2−δ] × ι±Y2 ,
κ−δ,Φ01(s, y) =
(
δs,Φ01(y)
) ' (δs,Φ12(Φ01(y))),
κ+δ,Φ12(s, y) =
(
1− δ + δs, z) ' (2− 2δ + δs, z).
This is equivalent to the representative of IΦ12◦Φ01 with constant 0 <
δ
2−δ <
1
2
via
linear rescaling in the first factor [0, 2− δ]× Y2 ' [0, 1]× Y2.
• Horizontal 1-composition is given by gluing as in Bord+1+,
(Y01, ι
−
01, ι
+
01) ◦1h (Y12, ι−12, ι+12) :=
(
Y01 unionsq Y12/
ι+01(s,x)∼ι−12(s,x)
, ι−01, ι
+
12
)
.
• Horizontal 2-composition of [(Xij, ι±ij, κ±ij)] ∈ Mor2Bord+1+1((Yij, ι±Yij), (Zij, ι±Zij)) be-
tween (Yij, ι
±
Yij
), (Zij, ι
±
Zij
) ∈ Mor1Bord+1+1(Σi,Σj) for ij = 01 and ij = 12 is given by
gluing the (d+2)-manifolds and embeddings as illustrated in Figure 13(
X01, ι
±
01, κ
±
01
) ◦2h (X12, ι±12, κ±12) := (X01 unionsqX12/ι+01∼ι−12 , ι−01, ι+12, κ±01 ◦h κ±12) ,
κ−01 ◦h κ−12 : [0, 1]× Y01 unionsq Y12
/
ι+Y01
∼ι−Y12
→ X01 ◦2h X12,
(
s, y ∈ Yij
) 7→ κ−ij(s, y),
κ+01 ◦h κ+12 : [0, 1]× Z01 unionsq Z12
/
ι+Z01
∼ι−Z12
→ X01 ◦2h X12,
(
s, z ∈ Zij
) 7→ κ+ij(s, z).
For the boundary embeddings κ±01 ◦hκ±12 to be well defined, we need to take account
of the scaling factors in (3.2.1) for the two cobordisms Xij to achieve
κ−01(s, ι
+
Y01
(t, x)) = ι+01(δ
+
Y01
s, t, x) ∼ ι−12(δ−Y12s, t, x) = κ−12(s, ι−Y12(t, x)),
κ+01(s, ι
+
Z01
) = ι+01(1− δ+Z01 + δ+Z01s, ..) ∼ ι−12(1− δ−Z12 + δ−Z12s, ..) = κ+12(s, ι−Z12).
That is, we define the relation ∼ in the construction of the glued (d+2)-manifold
X01 ◦2hX12 := (X01unionsqX12)/∼ by ι+01(s, t, z) ∼ ι−12(φ(s), t, z) for some diffeomorphism
φ : [0, 1]→ [0, 1] with φ(r) = δ−Y12r/δ+Y01 for 0 ≤ r ≤ δ+Y01 and φ(1−r) = 1−δ−Z12r/δ+Z01
for 0 ≤ r ≤ δ+Z01 . Such φ exists since all δ-factors in (3.2.1) are less than 12 . Finally,
one needs to check that different choices of φ yield equivalent tuples of (d+2)-
manifolds and embeddings, and thus the same 2-morphism.
• Horizontal composition is compatible with identities since for composable cobor-
disms Y12, Y23 both idY12 ◦2h idY23 = IidY12 ◦2h IidY23 and idY12◦1hY23 = IidY12◦1hY23 are
represented by the (d+2)-manifold
([0, 1]× Y12) unionsq ([0, 1]× Y23)/
id[0,1]×ι+12∼ id[0,1]×ι−23
' [0, 1]× Y12 unionsq Y23/
ι+12∼ι−23
48 KATRIN WEHRHEIM
with embeddings – arising from a universal choice of δ – given by
ι− : (s, t, x) 7→ (s, ι−Y12(t, x)) = (s, ι−Y12◦1hY23(t, x)),
ι+ : (s, t, x) 7→ (s, ι+Y23(t, x)) =
(
s, ι+
Y12◦1hY23
(t, x)
)
,
κ−δ : (s, y) 7→
(
δid[0,1] × idY12
) ◦h (δid[0,1] × idY23)(s, y) = (δs, idY12◦1hY23(y)),
κ+δ : (s, z) 7→
(
1− δ + δs, (idY12 ◦h idY23)(z)) = (1− δ + δs, idY12◦1hY23(z)).
• Compatibility of horizontal 2-composition with vertical composition requires(
[W01] ◦2h [W12]
) ◦v ([X01] ◦2h [X12]) = ([W01] ◦v [X01]) ◦2h ([W12] ◦v [X12])
for any
[(
Wij, ι
±
Wij
, κ±Wij
)] ∈ Mor2Bord+1+1((Vij, ι±Vij), (Yij, ι±Yij)) and [(Xij, ι±Xij , κ±Xij)] ∈
Mor2Bord+1+1((Yij, ι
±
Yij
), (Zij, ι
±
Zij
)), which form two pairs of equivalence classes (d+2)-
cobordisms of cobordisms for ij = 01, 12 between (d+1)-cobordisms (Vij, ι
±
Vij
),
(Yij, ι
±
Yij
), (Zij, ι
±
Zij
) ∈ Mor1Bord+1+1(Σi,Σj) for fixed surfaces Σ0,Σ1,Σ2 ∈ ObjBord+1+1 .
Here both (d+2)-manifolds are of the form
(
W01 unionsqW12 unionsqX01 unionsqX12
)
/∼, where
in the first gluing, the equivalence relation ∼ is generated by
ι+W01 ∼ ι−W12 ◦ φW , ι+X01 ∼ ι−X12 ◦ φX , κ+W01 ◦h κ+W12 ∼ κ−X01 ◦h κ−X12 ,
whereas in the second gluing, the equivalence relation ∼ is generated by
κ+W01 ∼ κ−X01 , κ+W12 ∼ κ−X12 , ι+W01 ◦h ι+X01 ∼
(
ι−W12 ◦h ι−X12
) ◦ φWX .
This amounts to the same relation if we choose the diffeomorphism φWX of [0, 1] =
[0, 1] ◦h [0, 1] as the gluing of φW and φX . The various embeddings are identified
analogously.
• Horizontal 1-composition is strictly associative as in Bord+1+.
• Horizontal 2-composition is associative since for composable 1-morphisms Yij and
Zij and
[(
Xij, . . .
] ∈ Mor2Bord+1+1(Yij, Zij) both X12◦2h(X23◦2hX34) and (X12◦2hX23)◦2h
X34 are given by the same gluing of (d + 2)-manifolds
(
X01 unionsq X12 unionsq X34
)
/(ι+X01 ∼
ι−X12 , ι
+
X12
∼ ι−X23) and the corresponding tubular neighbourhood embeddings.• Horizontal 1-composition is unital up to 2-isomorphism as in Bord+1+, that is
for any surface Σ ∈ ObjBord+1+1 and 0 < δ < 12 the cylindrical cobordism 1Σ,δ ∈
Mor1Bord+1+1(Σ,Σ) is a weak unit. To prove the latter we start by proving equivalence
(Y, ι±Y ) ◦1h 1Σ,δ ∼ (Y, ι±Y ) in Mor1Bord+1+1(Σ0,Σ) for any (Y, ι±Y ) ∈ Mor1Bord+1+(Σ0,Σ).
For that purpose we can use the diffeomorphism Ψ constructed in Example 3.2.1
to obtain 2-morphisms IΨ, IΨ−1 ∈ Mor2Bord+1+1 (represented by arrows below) whose
vertical ◦v compositions are the identities
(Y, ι±Y )
IΨ−1−→ (Y, ι±Y ) ◦1h 1Σ,δ IΨ−→ (Y, ι±Y ) = (Y, ι±Y )
id(Y,ι±)−→ (Y, ι±Y ),
(Y, ι±Y ) ◦1h 1Σ,δ IΨ−→ (Y, ι±Y )
IΨ−1−→ (Y, ι±Y ) ◦1h 1Σ,δ = id(Y,ι±Y )◦1h1Σ,δ .
Indeed, we have IΨ−1 ◦v IΨ = IΨ◦Ψ−1 = IidY = id(Y,ι±) due to (3.2.2), and simi-
larly IΨ ◦v IΨ−1 = IΨ−1◦Ψ = Iid(Y ∪[0,1]×Σ)/∼ = id(Y,ι±Y )◦1h1Σ,δ . This proves the claimed
equivalence for any Y ∈ Mor1Bord+1+1(Σ0,Σ), and the other required equivalences
1Σ,δ ◦1h (Z, ι±Z) ∼ (Z, ι±Z) for (Z, ι±Z) ∈ Mor1Bord+1+1(Σ,Σ1) arise in the same way from
the diffeomorphisms Φ : ([0, 1]× Σ ∪ Z)/∼→ Z constructed in Example 3.2.1.
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This finishes the construction of the bordism bicategory Bord+1+1. Moreover, the
connected d + 1 + 1 bordism bicategory Borconnd+1+1 for d ≥ 2 is constructed
analogously, using the objects and representatives of morphisms of Borconnd+1 .
3.3. Functors between bi- and 2-categories. The purpose of this section is to
make sense of a notion of extending 2+1 Floer field theory to dimension 2+1+1 = 4,
which is the case d = 2 of the following notion.
Definition 3.3.1. A (connected) d+1+1 Floer field theory is a 2-functor
Bord+1+1 → Cat (resp. Borconnd+1+1 → Cat) that factorizes through a symplectic 2-
category and preserves adjunctions.
Here one should use the connected bordism bicategory Borconnd+1+1 in order to fit
the gauge theoretic examples from §2.5. An appropriate symplectic 2-category is
constructed in [84] and will be outlined in §3.5. So it remains to spell out the functo-
riality requirements. We begin with 2-functors between 2-categories, and will develop
the relevant notion for bicategories in Definition 3.3.5.
Definition 3.3.2. A 2-functor F : C → D between two 2-categories C,D consists of
• a map F : ObjC → ObjD between the sets of objects,
• functors Fx1,x2 : MorC(x1, x2)→ MorD(F(x1),F(x2)) for each x1, x2 ∈ ObjC, i.e.
– maps F1x1,x2 : Mor1C(x1, x2)→ Mor1D(F(x1),F(x2)),
– maps F2x1,x2 : Mor2C(f12, g12)→ Mor2D(F1x1,x2(f12),F1x1,x2(g12)) for each pair f12, g12 ∈
Mor1C(x1, x2),
– compatibility with identities F2x1,x2(idf12) = idF1x1,x2 (f12),
– compatibility with vertical composition,
F2x1,x2(f12 ◦v g12) = F2x1,x2(f12) ◦v F2x1,x2(g12).
These are required to intertwine the horizontal compositions in C and D as follows:
• F is compatible with identities, 1F(x) = F1x,x(1x).
• F is compatible with composition of 1-morphisms, i.e. for each fij ∈ Mor1C(xi, xj)
F1x1,x3(f12 ◦h f23) = F1x1,x2(f12) ◦h F1x2,x3(f23).
• F is compatible with horizontal composition of 2-morphisms, i.e. for each tuple
fij, gij ∈ Mor1C(xi, xj) and αij ∈ Mor2C(fij, gij)
F2x1,x3(α12 ◦h α23) = F2x1,x2(α12) ◦h F2x2,x3(α23).
Before discussing the appropriate generalization of this notion to a 2-functor from
a bicategory such as Bor2+1+1 to a 2-category such as Cat or Symp, let us note
that 2-categories such as Symp (with canonical base objects such as the symplectic
manifold consisting of a point) come with natural 2-functors to Cat. This reduces
the construction of a 2+1+1 Floer field theory to the construction of a 2-functor
Bor2+1+1 → Symp, which can then be composed with the Yoneda functor Symp →
Cat that is defined below and further discussed in Lemma 3.5.6.
Lemma 3.3.3. Let C be a 2-category. Then any choice of distinguished object x0 ∈
ObjC induces a Yoneda 2-functor Yx0 : C → Cat as follows.
• To an object x ∈ ObjC we associate the category Yx0(x) := MorC(x0, x).
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• To f ∈ Mor1C(x1, x2) we associate the functor Yx0(f) : Yx0(x1) → Yx0(x2) given by
horizontal composition with f and its identity 2-morphism idf ∈ Mor2C(f, f),
ObjYx0 (x1) = Mor
1
C(x0, x1) −→ Mor1C(x0, x2) = ObjYx0 (x2),
f01 7−→ f01 ◦h f ;
MorYx0 (x1) ⊃ Mor2C(f01, g01) −→ Mor2C(f01 ◦h f, g01 ◦h f) ⊂ MorYx0 (x2),
α 7−→ α ◦h idf .
• To a 2-morphism β ∈ Mor2C(g12, h12) between g12, h12 ∈ Mor1C(x1, x2) we associate
the natural transformation Yx0(β) : Yx0(g12) ⇒ Yx0(h12) which takes each f01 ∈
ObjYx0 (x1) = Mor
1
C(x0, x1) to idf01 ◦h β ∈ Mor2C(f01 ◦h g12, f01 ◦h h12) ⊂ MorYx0 (x2).
Proof. Yx0(x) is a category and Yx0(f) is a functor by Definition 3.1.1 of a 2-category.
Yx0(β) is a natural transformation since the required diagram for α ∈ MorC(f01, f ′01)
commutes by compatibility of horizontal and vertical composition,(
α ◦h idg12
) ◦v (idf ′01 ◦h β) = (α ◦v idf ′01) ◦h (idg12 ◦v β) = α ◦h β
=
(
idf01 ◦v α
) ◦h (β ◦v idh12) = (idf01 ◦h β) ◦v (α ◦h idh12).
Next, we need to check that F := Yx0 : MorC(x1, x2) → MorCat(F(x1),F(x2))
is a functor for each x1, x2 ∈ ObjC. It is compatible with identities since both
F(idf12) and idF(f12) are the natural transformation F(f12) ⇒ F(f12) which takes
f01 ∈ Mor1C(x0, x1) to idf01 ◦h idf12 = idf01◦hf12 . It is compatible with vertical compo-
sition since for α12, β12 ∈ Mor2C(g12, h12) both F(α12 ◦v β12) and F(α12) ◦v F(β12) are
the natural transformation F(g12)⇒ F(h12) which takes f01 ∈ Mor1C(x0, x1) to
idf01 ◦h (α12 ◦v β12) = (idf01 ◦h α12) ◦v (idf01 ◦h β12).
Finally, we check compatibility with the horizontal composition.
• Both 1F(x) and F(1x) are the functor MorC(x0, x) → MorC(x0, x) given by f01 7→
f01 = f01 ◦h 1x and α 7→ α = α ◦h id1x .
• For fij ∈ Mor1C(xi, xj) both F(f12◦hf23) and F1x1,x2(f12)◦hF1x2,x3(f23) are the functor
MorC(x0, x1)→ MorC(x0, x2) given by f01 7→ f01 ◦h (f12 ◦h f23) = (f01 ◦h f12) ◦h f23
and α 7→ α ◦h idf12◦hf23 = (α ◦h idf12) ◦h idf23 .
• For each tuple gij, hij ∈ Mor1C(xi, xj) and αij ∈ Mor2C(gij, hij), both F(α12)◦hF(α23)
and F(α12 ◦h α23) are the natural transformation G := F(g12 ◦h g23) ⇒ H :=
F(h12 ◦h h23) which takes f01 ∈ Mor1C(x0, x1) to idf01 ◦h (α12 ◦h α23). 
Remark 3.3.4 (Yoneda 2-functor for bicategories). If C is a bicategory, then the
Yoneda construction in Lemma 3.3.3 still yields categories Yx0(x) = MorC(x0, x),
functors Yx0(f) given by horizontal composition with f and idf , and natural trans-
formations Yx0(β) given by f01 7→ idf01 ◦h β, in such a way that Yx0 : MorC(x1, x2)→
MorCat(F(x1),F(x2)) is a functor. However, Yx0 is compatible with horizontal compo-
sition only up to isomorphisms in Cat since unitality f01 ◦h 1x ∼ f01 and associativity
f01 ◦h (f12 ◦h f23) ∼ (f01 ◦h f12) ◦h f23 only hold up to 2-isomorphism in C. Thus
Yx0 : C → Cat can still be viewed as a 2-functor between bicategories in the sense of
Definition 3.3.5 below.
To make the Yoneda construction for bicategories as well as our notion of 2+1+1
Floer field theory in Definition 3.3.1 precise, we define the notion of a 2-functor
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between bicategories C,D by weakening Definition 3.3.2 to allow compatibility with
the horizontal composition up to isomorphisms.
Definition 3.3.5. A 2-functor F : C → D between two bicategories C,D consists of
• a map F : ObjC → ObjD between the sets of objects,
• functors Fx1,x2 : MorC(x1, x2)→ MorD(F(x1),F(x2)) for each x1, x2 ∈ ObjC,
which are compatible with the horizontal composition in the following sense:
• 1F(x) ∼ F1x,x(1x) are equivalent 1-morphisms in D for any choice of weak units
associated to x ∈ ObjC and F(x) ∈ ObjD.
• F1x1,x3(f12 ◦h f23) ∼ F1x1,x2(f12) ◦h F1x2,x3(f23) are equivalent 1-morphisms in D.
• For each tuple fij, gij ∈ Mor1C(xi, xj) and αij ∈ Mor2C(fij, gij) we have
F2x1,x3(α12 ◦h α23) = F2x1,x2(α12) ◦h F2x2,x3(α23).
3.4. Adjunctions, quilt diagrams, and quilted bicategories. This section will
generalize the notion of string diagrams, which are graphical representations of the
structure and axioms of 2-categories, as surveyed in e.g. [10, §1.1], [88], and [78] in
the example of topological and symplectic 2-categories. Then we introduce a notion
of quilted bicategory, in which not only string diagrams but the more general quilt
diagrams define 2-morphisms, and show how bordism bicategories naturally fit into
this notion.
Figure 14. The structures of a 2-category or bicategory in string di-
agram notation.
Remark 3.4.1 (String diagrams). Roughly speaking, a string diagram in a bicategory
C consists of vertical lines drawn in the plane, punctures on the line, and labels in C.
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These in turn represent the structure of the bicategory as indicated in Figure 14. More
precisely, the lines separate the plane into connected components, called “patches”,
and the punctures separate the lines into connected components, called “seams”, each
of which lies in the intersection of the closures of exactly two patches; see the left
side of Figure 15 for illustration. The patches / seams / punctures of the diagram are
labeled with objects / 1-morphisms / 2-morphisms in C in a coherent manner: a seam
is labeled by a 1-morphism between the objects associated to the two adjacent patches,
and a puncture is labeled by a 2-morphism between the 1-morphisms associated to the
two adjacent seams. Now any such string diagram can be translated into horizontal
and vertical compositions of the involved 2-morphisms, and defines a new 2-morphism
between the 1-morphisms obtained from composing the labels of the seams running
to +∞ resp. −∞. Here we read from left to right and from bottom to top, with
different choices of order of composition yielding the same result due to associativity
and compatibility of horizontal and vertical composition; see the right of Figure 15
for examples.
Figure 15. String diagrams represent well defined 2-morphisms given
by iterated horizontal and vertical compositions applied to 2-morphisms
given by labels and identity 2-morphisms.
After compactifying the plane to a sphere, we may interpret the punctures in
the plane as incoming ends – at which the 2-morphisms are prescribed – and the
puncture at infinity as the outgoing end – at which the resulting 2-morphism is
read off. The axioms of a 2-category or bicategory can then also be represented by
string diagrams: identities between different diagrams, or the fact that diagrams have
invariant meaning – independent of the order in which composition is being read off.
See Figure 16 for a list of the 2-category axioms as string diagrams,
The symplectic 2-category will have string diagrams – represented by pseudoholo-
morphic quilts [82] described in Remark 3.5.3 – which lie on more general surfaces
(not just the sphere), can have any number of seams running into the punctures, do
not require a left/right or top/bottom orientation, but still have exactly one outgo-
ing end and the same meaning as a string diagram: If we prescribe Floer homology
classes (the 2-morphisms) at each incoming end, then the diagram defines a Floer
homology class at the outgoing end. These relative quilt invariants are applied to
the basic string diagrams in [84] to construct the symplectic 2-category, but they are
defined in higher generality and satisfy algebraic identities arising from forgetting the
vertical/horizontal structure of string diagrams.
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Figure 16. 2-category axioms in string diagram notation. Also see
Figure 17 for compatibility.
Figure 17. Compatibility between horizontal and vertical composi-
tion in string diagram notation.
The purpose of this section is to cast this additional structure on the symplectic
2-category into abstract terms – giving rise to a notion akin to that of spherical 2-
categories developed in [45], but expressing the algebraic properties in a graphical
language rather than via monoidal structure. This is useful for a variety of reasons:
First, this structure simply exists naturally, not just for the symplectic 2-category but
also the bordism bicategories (see Lemma 3.4.11) and other gauge theoretic categories
that can be constructed via PDE’s associated to quilt diagrams (see §3.6). Second,
this structure can be expressed without reference to a monoidal structure, which is
problematic both in the gauge theoretic and symplectic context (see Remark 2.5.7),
and thus also leads us to work with connected bordism categories – which lack the
monoidal structure given by disjoint union. Third, quilt diagrams naturally appear
in a generalization of Cerf decompositions from Bord+1 to Bord+1+1 which arise from
the diagrams of Morse 2-functions in e.g. [26], as sketched in [78]. These “quilted
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Cerf decompositions” lie at the core of the extension principle for Floer field theories
[79], as outlined in Conjecture 3.4.12.
In order to make sense of the labeling in a quilt diagram we will need some sym-
metry properties of the bicategory, which we will introduce before going into the
actual notion of quilt diagram. First, dropping the distinguished horizontal direction
in string diagrams loses the “from left to right” designation which determines that a
seam is to be labeled by a 1-morphism from the object associated to the left adjacent
patch to the object associated to the right adjacent patch. Instead, we will define
left/right based on a choice of orientation of each seam and label the two orienta-
tions of each seam with adjoint pairs of 1-morphisms. For that purpose, the following
makes the adjunction notion from Remark 2.4.3 rigorous.
Definition 3.4.2. A 2-category with adjoints is a 2-category C as in Defini-
tion 3.1.1 together with an adjunction map Mor1C → Mor1C, Y 7→ Y T that associates
to each Y ∈ Mor1C(Σ0,Σ1) its adjoint Y T ∈ Mor1C(Σ1,Σ0) and satisfies:
• Adjunction is reflexive, i.e. (Y T )T = Y .
• Adjoint morphisms are dual to each other in the sense that for Y ∈ Mor1C(Σ0,Σ1)
there exist XY ∈ Mor2C(1Σ0 , Y ◦1h Y T ) and XTY ∈ Mor2C(Y T ◦1h Y, 1Σ1) satisfying
identities that are illustrated in Figure 18,
(3.4.1)
(
XY ◦2h idY
) ◦v (idY ◦2h XTY ) = idY , (idY T ◦2h XY ) ◦v (XTY ◦2h idY T ) = idY T .
A bicategory with adjoints is a bicategory C as in Definition 3.1.2 together with an
adjunction map as above, whose duality property holds for all choices of weak identity
morphisms 1Σ0 , 1Σ1.
Remark 3.4.3.(a) Adjoints in Bord+1+1 are obtained by orientation reversal of the 1-
morphisms, as sketched for Bord+1 in Remark 2.4.3. More precisely, the adjoint of a
(d+ 1)-cobordism (Y, ι−Y , ι
+
Y ) ∈ Mor1Bord+1+1(Σ0,Σ1) is the cobordism (Y, ι−Y , ι+Y )T :=
(Y −, ι+Y ◦ ρ1, ι−Y ◦ ρ0) ∈ Mor1Bord+1+1(Σ1,Σ0) obtained by reversing the orientation on
Y , switching the tubular neighbourhood embeddings, and precomposing each with
the orientation reversing diffeomorphism ρi(t, z) = (1− t, z) of [0, 1]× Σi.
With this reflexive operation established, the adjunction 2-morphisms XY and
XTY that are required for the duality in Definition 3.4.2 can be constructed from
the further generalized string diagrams indicated in Figure 19. For example, XY
is obtained from a half disk times Σ1, a square minus a half disk times Σ0, and an
interval times Y , glued along matching boundary components. This and the anal-
ogous construction for XTY yields the required 2-morphisms, which satisfy (3.4.1)
since gluing them into the string diagrams in Figure 18 yields 4-manifolds with
boundary and corners that are diffeomorphic relative to the boundary.
(b) In the symplectic category Symp, the adjoint of a Lagrangian L ⊂M−0 ×M1 is LT :=
τ(L) ⊂ M−1 ×M0 obtained by transposition τ(p0, p1) := (p1, p0), and the adjoint
of a general 1-morphism L = (L01, . . . , L(k−1)k) is LT = (LT(k−1)k, . . . , L
T
01). Again,
the adjunction 2-morphisms XY and X
T
Y can be obtained from the fact that the
generalized string diagrams in Figure 19 have invariant meaning; see Remark 3.5.2.
A second symmetry property of a bicategory that is required to formalize quilt
diagrams comes from the fact that dropping the distinguished vertical direction in
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Figure 18. The duality identities (3.4.1) can be represented by
slightly generalized string diagrams.
Figure 19. In a quilted bicategory (see §3.4 below) the adjunction
2-morphisms arise from quilted structure maps that are represented by
the above quilt (i.e. generalized string) diagrams.
string diagrams loses the “from bottom to top” designation which determines that
a puncture is to be labeled by a 2-morphism from the 1-morphism associated to
the bottom adjacent seam to the 1-morphism associated to the top adjacent patch.
Instead, we are allowing any number of seams to intersect in a puncture of a quilt
diagram, and will associate to these seams – with counterclockwise order induced from
an overall orientation of the diagram – a cyclic 2-morphism space, from which the
label for this puncture will be chosen. This is based on the following cyclic symmetry
of the 2-morphisms in a bicategory with adjoints. Here and in the following, we will
use ZN := Z/NZ to index cyclically ordered sets of N elements with no distinguished
first element.
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Remark 3.4.4. A cyclic 1-morphism in a bicategory C is a cyclic sequence of 1-
morphisms f = (fi)i∈ZN : ZN → Mor1C that is composable in the sense that we have
fi ∈ Mor1C(xi, xi+1) for a cyclic sequence of objects x = (xi)i∈ZN : ZN → ObjC. This
implies that the compositions fi ◦ fi+1 ◦ . . . ◦ fi+k ∈ Mor1C(xi, xi+k) are well defined for
every i ∈ ZN , k ∈ N, and in particular fi ◦ fi+1 ◦ . . . ◦ fi+N−1 ∈ Mor1C(xi, xi+N = xi).
If the bicategory C moreover has adjoints in the sense of Definition 3.4.2, then we
can associate to every cyclic 1-morphism f = (fi)i∈ZN a cyclic 2-morphism space
Mor2C(f) := Mor
2
C(f
T
i , fi+1 ◦ . . . ◦ fi+N−1),
which is independent of the choice of i ∈ ZN and can also be identified with the 2-
morphism space Mor2C
(
(fi ◦ . . .◦fj)T , fj+1 ◦ . . .◦fi−1
)
for other partitions of the cyclic
1-morphism.
As a tangential note – useful for identifying different field theories as in the Atiyah-
Floer type conjectures – the following remark explains an algebraic method for lo-
calizing proofs of isomorphisms between cyclic 1-morphisms or their associated cyclic
2-morphism spaces.
Remark 3.4.5 (A “local to global” principle for cyclic 1-morphisms). In a 2-category
with adjoints, any “local” isomorphism between f, g ∈ Mor1C(xi, xi+1) implies “global
isomorphisms” between any cyclic 1-morphisms that differ by replacing f with g,
f ∼ g =⇒ (. . . fi−1, fi = f, fi+1 . . .) ∼ (. . . fi−1, fi = g, fi+1 . . .).
Here the local isomorphism is given by an invertible 2-morphism α ∈ Mor2C(f, g),
i.e. α ◦v α−1 = 1f and α−1 ◦v α = 1g for some α−1 ∈ Mor2C(g, f). It induces global
isomorphisms f
j
:= (fj, . . . , fi = f, . . . , fj−1) ∼ (fj, . . . , fi = g, . . . , fj−1) =: gj in
Mor1(xj, xj) for any j ∈ ZN , in the sense that there exist 2-morphisms given by
α := idfj ◦h . . . idfi−1 ◦h α ◦h idfi+1 . . . ◦h idfj−1 ∈ Mor2C(f j, gj),
α−1 := idfj ◦h . . . idfi−1 ◦h α−1 ◦h idfi+1 . . . ◦h idfj−1 ∈ Mor2C(gj, f j),
which satisfy α ◦v α−1 = idf
j
and α−1 ◦v α = idg
j
. Indeed, the first (and similarly the
second) follows from compatibility of horizontal and vertical composition with each
other as well as identities,
α ◦v α−1 = (idfj ◦v idfj) ◦h . . . (idfi−1 ◦v idfi−1) ◦h (α ◦v α−1)
◦h (idfi+1 ◦v idfi+1) . . . ◦h (idfj−1 ◦v idfj−1)
= idfj ◦h . . . idfi−1 ◦h idf ◦h idfi+1 . . . ◦h idfj−1
= idfj◦h...fi−1◦hf◦hfi+1...◦hfj−1 = idfj .
Moreover the local isomorphism also implies an identification between the cyclic 2-
morphism spaces,
f ∼ g =⇒ Mor2C(. . . fi−1, fi = f, fi+1 . . .) ' Mor2C(. . . fi−1, fi = g, fi+1 . . .).
Finally, we introduce quilt diagrams by phrasing the notions of “quilted surface”
and “Lagrangian boundary conditions” from [82, §3] in abstract terms.
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Definition 3.4.6. A quilt is a tuple Q := (q0, Q0, Q1, Q2) consisting of a closed
oriented surface Q2, a finite subset of points Q0 ⊂ Q2, a 1-dimensional submanifold
Q1 ⊂ Q2rQ0, and one distinguished point q0 ∈ Q0. We moreover require Q1 ⊂
Q2rQ0 to be a closed subset with finitely many connected components, as illustrated
in Figure 20.
Figure 20. A quilt (or quilted surface) is given by a closed surface
Q2 and submanifolds Q0, Q1, q0. These specify patches (with arbitrary
enumeration Pi above) and seams (all labeled by S above).
• The patches P ∈ PQ ∼= pi0(Q2r(Q0 ∪ Q1)) of Q are the connected components
P ⊂ Qr(E ∪ S).
• The seams S ∈ SQ ∼= pi0(Q1) of Q are the connected components S ⊂ Q1. The
oriented seams S ∈ SorQ ' SQ × Z2 are pairs of seams with orientations.
• For S ∈ SorQ we denote by P−S , P+S ∈ PQ the adjacent patches whose oriented
boundary contains S− resp. S (i.e. which lie to the right resp. left of S), as illustrated
in Figure 21.
• The outgoing end of Q is E+Q := {e+} := {q0}, and the incoming ends of Q are
the points e ∈ E−Q := Q0r{q0}.
Remark 3.4.7. Each seam is either a circle or an open interval embedded in Q2rQ0,
and cannot intersect itself or other seams by the submanifold property of Q1. More-
over, the closure of Q1 ⊂ Q2rQ0 implies that the boundary of an interval seam lies
in Q0, i.e. the seam is a closed interval immersed in Q2 with endpoints mapping to
ends in Q0 which may or may not coincide. We had to add the finiteness condition
to avoid “Hawaiian earrings” – sequences of interval seams converging to a puncture.
The finiteness condition for the sets of seams SQ ∼= pi0(Q1) and ends E+Q ∪E−Q = Q0
also implies finiteness for the set of patches PQ ∼= pi0(Q2r(Q0∪Q1)). Moreover, each
patch is an open subset P ⊂ Q2rQ0, whose boundary PrP is given by a union of
seams. The embedding Q0rQ2 gives P the structure of an oriented 2-manifold with
boundary, though some seams may lie in its interior – namely the seams which have
P adjacent on both sides, i.e. the oriented seams S ∈ SorQ with P−S = P+S = P (which
is equivalent to P+S− = P
+
S = P ). By cutting along these seams and adding two copies
of the seam we obtain another oriented 2-manifold P̂ with boundary given by the
union of all oriented seams S ∈ SorQ with P+S = P ; see Figure 21 for examples. This
“refinement of the closure in Q2rQ0 of each patch” comes with a natural immersion
P̂ → Q0rQ2 with image P and self-intersections on the seams in the interior of P .
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Figure 21. A quilt with some examples of oriented seams and their
adjacent patches, and cyclic sequences of oriented seams Se± associated
to ends e± ∈ E±Q . While the patch P3 is an open disk, its refined closure
P̂3 simply is a closed disk. The case of P̂2 – a closed annulus minus one
boundary puncture – shows that these refined closures are usually not
compact. Finally, P̂4 is an example in which the immersion to Q2rQ0
is not injective. Here P4 is an open disk with one interior puncture, and
its closure P 4 ⊂ Q2rQ0 is the complement of a disk in a torus, minus
2 punctures on the boundary and 3 punctures in the interior. However,
P̂4 is a closed 10-gon minus the corners and one interior puncture, with
oriented boundary components S2, S
−
1 , S
′
1
−, S ′5, S
′
3
−, S3, S−2 , S
−
3 , S
′
1, S1.
Definition 3.4.8. A quilt diagram QD = (Q, (ΣP )P∈PQ , (YS)S∈SQ) in a bicategory
C with adjoints consists of a quilt Q with labels in C as follows, and illustrated in
Figure 22.
• Each patch P ∈ PQ is labeled by an object ΣP ∈ ObjC.
• Each oriented seam S ∈ SorQ of Q is labeled by a morphism YS ∈ Mor1C(P−S , P+S )
such that seams of opposite orientation are labeled with adjoint morphisms, i.e.
YS− = (YS)
T ∈ Mor1C(P+S , P−S ), since P±S− = P∓S .
To turn a quilt diagram into a generalized string diagram, we should in addition
label each incoming end e ∈ E−Q by a 2-morphism Xe ∈ Mor2C(Y e), and at the outgoing
end e+ = q0 have the quilt diagram define a 2-morphism Xe+ ∈ Mor2C(Y e+) in the
cyclic 2-morphism spaces associated to each end as follows:
• For the outgoing end, we define a cyclic sequence of oriented seams Se+ = (Si)i∈ZN
e+
:
ZNe+ → SorQ given by the oriented seams Si ' R with +∞-limit e+, ordered by their
intersection with a counterclockwise circle around e+ = q0 ∈ Q2; see Figure 21 for
an example. Then Y e+ :=
(
YSi
)
i∈ZN
e+
: ZNe+ → Mor1C is a cyclic 1-morphism of C in
the sense of Remark 3.4.4, with a well defined cyclic 2-morphism space Mor2C(Y e+).
• For each incoming end e, we obtain the cyclic 1-morphism Y e analogously from the
oriented seams Si ' R with −∞-limit e; again see Figure 21 for an example.
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Figure 22. In a quilt diagram, each patch Pi is labeled by an object
ΣPi and each seam S is labeled by a pair of adjoint 1-morphisms YS, Y
T
S
(corresponding to the different orientations of the seam). One could
in addition label each end e by a 2-morphism Xe in the corresponding
cyclic 2-morphism space, however, these will instead be viewed as inputs
or outputs of a quilted composition map induced by the quilt diagram.
• If an incoming or outgoing end e lies in the interior of a patch P , i.e. has no
adjacent seams, then we associate to it the cyclic 1-morphism Y e := 1ΣP . (In the
case of a bicategory C one should either disallow ends without seams or ensure
identifications between the cyclic 2-morphism spaces associated to different choices
of weak identity 1-morphisms.)
However, instead of fixing these labels, we will view the quilt diagrams as inducing
maps between the cyclic 2-morphism spaces associated to the ends, as indicated in
Figure 23. Another example of a quilt map is given in Figure 28. In particular, string
diagrams already induce such maps via horizontal and vertical composition. Now we
define a quilted 2-category to be a 2-category in which not only the string diagrams but
general quilt diagrams define maps on 2-morphism spaces. The analogous definition
is made for bicategories. Here one could make various further specifications such as
fixing the genus of the quilt diagram. (For example, spherical 2-categories as in [45]
could be conjectured to correspond to 2-categories in which quilt diagrams of genus
0 yield well defined maps.)
Definition 3.4.9. A quilted bicategory/2-category is a bicategory/2-category C
with adjoints in the sense of Definition 3.4.2 and with quilted composition maps29
ΦQD : ⊗e∈E−Q Mor
2
C(Y e)→ Mor2C(Y e+)
for each quilt diagram QD = (Q, (ΣP )P∈PQ , (YS)S∈SQ) that satisfy the following:
29 Here and below we write a tensor product ⊗ to indicate a Cartesian product of sets which can
be replace by a tensor product in the case of 2-morphism spaces given by Floer homology groups.
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Figure 23. Quilt diagrams induce quilted composition maps which –
except in simple cases reducing to string diagrams – cannot be expressed
in terms of the horizontal and vertical composition of 2-morphisms.
Deformation Axiom: Isomorphic quilt diagrams QD ' QD′ as in Figure 24 give
rise to the same quilted composition maps ΦQD = ΦQD′. Here an isomorphism(Q, (ΣP )P∈PQ , (YS)S∈SQ) ' (Q′, (Σ′P ′)P ′∈PQ′ , (Y ′S′)S′∈SQ′)
is a homeomorphism Q2 ' Q′2 that restricts to an orientation preserving diffeomor-
phism Q2rQ0 ' Q′2rQ′0 and identifies the ends Q0 ' Q′0, in particular q0 ' q′0, and
seams Q1 ' Q′1 in such a way that the labels ΣP = Σ′P ′ and YS = Y ′S′ coincide under
the induced identification of patches PQ ' PQ′ and oriented seams SorQ ' SorQ′. The
identity ΦQD = ΦQD′ is with respect to the identification of ends E±Q ' E±Q′ induced by
the bijection Q0 ' Q′0.
Figure 24. Isomorphic quilt diagrams yield the same quilted maps.
Cylinder Axiom: The invariant associated to a quilted cylinder as in Figure 25 –
that is Q2rQ0 ' R× S1 with parallel seams Q1 ' R× {s1, . . . , sN} – is the identity
map on the associated cyclic morphism space.
Figure 25. Cylindrical quilt diagrams yield the identity map
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Gluing Axiom: Gluing of quilt diagrams as in Figure 26 – identifying the outgo-
ing end of one diagram with an incoming end of another diagram – corresponds to
composition of the associated quilted composition maps.
Figure 26. Composition of quilted composition maps corresponds to
gluing of the quilt diagrams.
Strip shrinking Axiom: Strip or annulus shrinking as in Figure 27 – removing a
patch P ' R × S1 or P ' [0, 1] × S1 and replacing the its two adjacent seams S, S ′
by a single seam labeled with the composed 1-morphism YS ◦ YS′ (and its adjoint) –
corresponds to an equality of quilted composition maps.
Figure 27. Quilt diagrams related by annulus shrinking yield the
same quilted composition maps; for strip shrinking they are intertwined
via isomorphisms between the cyclic morphism spaces.
An example of using the axioms to make graphical calculations for quilt maps is
given in Figure 29.
Remark 3.4.10. The adjunction 2-morphisms between adjoint 1-morphisms (see
Definition 3.4.2) are in practice often constructed from quilted composition maps
corresponding to Figure 19 with no incoming ends; e.g. as in Remarks 3.4.3 and
3.5.2. A more fitting notion of quilted bicategory might thus be to require only
the reflexive operation on 1-morphisms in Definition 3.4.2 together with well defined
cyclic 2-morphism spaces as in Remark 3.4.4 and quilted composition maps satisfying
the same axioms as in Definition 3.4.9.
In §3.5 and §3.6 we will see (sketches of) examples in which the quilted composition
maps arise from counting solutions to a nonlinear PDE. In those settings, the strip
and annulus shrinking is highly nontrivial – requiring the identification of solution
spaces under a degeneration of the PDE as in [83]. On the other hand, bordism
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bicategories have natural quilted composition maps given by appropriate gluing of
manifolds with boundaries and corners, in which also strip and annulus shrinking is
naturally satisfied. We give a rough explanation here in dimension d = 2, though
more care would be required to construct the cyclic 2-morphism spaces and smooth
structures coherently and check the axioms.
Lemma 3.4.11. Bor2+1+1 is a quilted bicategory with adjoints as in Remark 3.4.3.
Sketch. Since adjunction 2-morphisms XY , X
T
Y are constructed from quilt diagrams in
Remark 3.4.3, it remains to associate to a quilt diagramQD = (Q, (ΣP )P∈PQ , (YS)S∈SQ)
and labels
(
Xe ∈ Mor2Bor2+1+1(Y e)
)
e∈E+Q
of the incoming ends a 4-cobordism in the
cyclic 2-morphism space Mor2Bor2+1+1(Y e+) associated to the outgoing end. We do so
by gluing 4-manifolds as shown in Figures 10 and 13:
• A patch P ∈ PQ that is labeled by a surface Σ is represented by the oriented
4-manifold XP := P̂ × Σ with boundary ∂XP =
⋃
S∈SorQ ,P+S =P S × Σ.
• A seam S ∈ SQ, i.e. a pair of oriented seams {S, S−} ∈ SorQ , that is labeled by a
3-cobordism YS ∈ Bor2+1(ΣP−S ,ΣP+S ) and its adjoint YS− = Y
−
S is represented by
the oriented 4-manifold XS := S × YS with boundary
∂XS =
(
S × ΣP−S
) ∪ (S × Σ−
P+S
)
=
(
S × ΣP−S
) ∪ (S− × ΣP−
S−
)
.
(Note that this is independent of the choice of orientation on S ∈ SQ.)
• We now glue the 4-manifold ⊔P∈PQ XP with boundary ⋃S∈SorQ S × ΣP+S to the 4-
manifold
⊔
S∈SQ XS with boundary
⊔
S∈SorQ S × ΣP−S via the orientation reversing
diffeomorphisms
∂XS ⊃ S × ΣP−S −→ S
− × ΣP−S = S
− × ΣP+
S−
⊂ ∂XP+
S−
= ∂XP−S
.
If we extend the smooth structure by gluing with appropriate collar neighbourhoods,
then this yields an oriented 4-manifold XQD without boundary, which is compact up
to cylindrical ends R± × Ye ⊂ XQD for each end e ∈ E±Q . If we now delete a little
neighbourhood of e ∈ Q0 ⊂ Q2 from all patches and seams, then each cylindrical end
is replaced by boundary and corners as follows:
The boundary strata near e are the 3-cobordisms YSi ∈ Mor1Bor2+1+1(ΣP−i ,ΣP+i ) in
the cyclic 1-morphism Y e =
(
YSi
)
i∈ZNe
and identity cobordisms 1Σ
P±
i
= [0, δi]×ΣP±i .
The corners are formed by identifications im ι−YSi (0, ·) ∼ {1}×ΣP−i and im ι
+
YSi
(1, ·) ∼
{0}×ΣP+i . This boundary&corner structure corresponds (with reversed orientations)
to the boundary&corners of Xe ∈ Mor2Bor2+1+1(Y e), so that we can glue in these 4-
manifolds at each incoming end to obtain a 4-manifold with boundary and corners
arising from the outgoing end. This defines the result of the quilted composition map
ΦQD
(⊗e∈E−QXe) ∈ Mor2C(Y e+).
This construction is fairly evidently compatible with isomorphisms of quilt di-
agrams, gluing, and strip shrinking, thus satisfies the axioms required in Defini-
tion 3.4.9 of a quilted bicategory. 
The notion of quilted 2-categories now allows us to formulate the following exten-
sion principle which we will further discuss in [79]. Its proof is outlined in [78] and
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makes crucial use of the fact that, as a result of the theory of Morse 2-functions (see
e.g. [26]), Bor2+1+1 is not just a quilted bicategory but in an appropriate sense is
quilt-generated by the Cerf decompositions of Bor2+1 of Theorem 2.3.4.
Conjecture 3.4.12 (Extension principle for Floer field theories). Let C be a quilted
2-category as in Definition 3.4.9 whose underlying 1-category has Cerf decompositions
as in Definition 2.3.2. Then any Cerf-compatible partial functor as in Lemma 2.4.1,
F : (ObjBor2+1 , SMorBor2+1) → (ObjC, SMorC), which preserves adjunctions as in Re-
mark 2.5.1 and satisfies a quilted naturality axiom (see [78]), has a natural extension
to a 2-functor Bor2+1+1 → C.
An analogous extension principle can be formulated for bordism bicategories Bord+1+1
in any dimension d ≥ 0 and connected bordism bicategories Borconnd+1+1 in dimension
d ≥ 0. We propose to apply this principle to the Floer field theories outlined in §2.5,
where C the symplectic 2-category oulined in §3.5 or other gauge theoretic 2-categories
outlined in §3.6. It should yield “2+1+1 Floer field theories” Bor2+1+1 → Cat by com-
position with the Yoneda 2-functor C → Cat from Lemma 3.3.3. We moreover expect
equivalences between these field theories, as phrased in the quilted Atiyah-Floer Con-
jecture 3.6.4.
3.5. The symplectic 2-category. This section gives a brief overview of the con-
struction of a symplectic 2-category in [84]. Conceptually, it can be thought of as
starting with the construction of a 2-category in Example 3.1.6 from the Cerf decom-
positions in the extended symplectic category Symp# of Definition 2.2.1, and then
replacing the 2-morphisms that were defined from the abstract Cerf moves by a ge-
ometrically more meaningful notion, while preserving the isomorphisms (L12, L23) ∼
L12 ◦ L23 in the sense of Remark 3.1.7, as mentioned at the end of §2.2.
In the following sketch of the symplectic 2-category we use the same horizontal 1-
composition ◦1h as in Symp#, the 2-morphisms are given by (quilted) Floer homology
groups as defined in [80]. These arise from a complex whose differential is constructed
from moduli spaces of solutions of an elliptic PDE that is closely connected to the PDE
that we associate to quilt diagrams in Remark 3.5.3. We also use these moduli spaces
to construct the vertical and horizontal 2-composition ◦v, ◦2h from their respective
string diagrams. In order to obtain well defined structures, we have to make further
restrictions on the allowable symplectic objects and morphisms as in Remark 3.5.4,
or generalize the notion of 2-category, as discussed in Remark 3.5.5.
Example 3.5.1. The symplectic 2-category Symp roughly consists of the follow-
ing.
• Objects are symplectic manifolds M .
• For each pairM,N ∈ ObjSymp the category of 1-morphisms is the following Donaldson-
Fukaya category of generalized Lagrangians MorSymp(M,N).
– 1-morphisms L = (L01, . . . , L(k−1)k) ∈ Mor1Symp(M,N) are the composable chains
of simple Lagrangians Lij ⊂ M−i × Mj between symplectic manifolds M =
M0,M1, . . . ,Mk = N .
– 2-morphisms between L,L′ ∈ Mor1Symp(M,N) are the elements of the quilted
Floer homology group Mor2Symp(L,L
′) = HF (L,L′); see Remark 3.5.3.
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– Vertical composition ◦v : HF (L,L′) ⊗HF (L′, L′′) → HF (L,L′′) for L,L′, L′′ ∈
Mor1Symp(M,N) arises from counts of pseudoholomorphic quilts representing the
associated string diagram. It is associative by a gluing theorem as in [48].
– The identity idL ∈ Mor2Symp(L,L) for L ∈ Mor1Symp(M,N) arises from counts of
pseudoholomorphic quilts representing the associated string diagram.
• The composition functor MorSymp(M,N) × MorSymp(N,P ) → MorSymp(M,P ) is
defined as follows.
– Horizontal composition of 1-morphisms
◦h : Mor1Symp(M,N)×Mor1Symp(N,P )→ Mor1Symp(M,P ), (L,L′) 7→ L#L′
is given by the evidently associative concatenation
(L01, . . . , L(k−1)k)#(L′01, . . . , L
′
(k′−1)k′) := (L01, . . . , L(k−1)k, L
′
01, . . . , L
′
(k′−1)k′).
– The identities 1M = ( ) ∈ Mor1Symp(M,M) for ◦h are given by the trivial chains.
– Horizontal composition of 2-morphisms arises from counts of pseudoholomorphic
quilts representing the associated string diagram,
◦h : HF (L12, L′12)×HF (L23, L′23) −→ HF (L12#L23, L′12#L′23).
Compatibility with identities and vertical composition follows from gluing theo-
rems as in [48].
While this gives a well defined symplectic 2-category, we still have to relate it to the
symplectic category defined in §2.2, in which horizontal composition of morphisms is
given by the geometric composition of Lagrangians – if the latter is embedded. Exam-
ple 3.1.6 shows how the same can be achieved up to isomorphism in a 2-categorical set-
ting. However, the 2-morphisms in the present 2-category are quilted Floer homology
classes, so the following becomes a nontrivial result – proven in [83] as isomorphism
of Floer homologies, which is formulated categorically in [84].
• For any pair of Lagrangians L12 ⊂ M−1 ×M2, L23 ⊂ M−2 ×M3 with embedded
geometric composition L12 ◦L23 ⊂M−1 ×M2 as defined in (2.2.1), the 1-morphisms
L12 ◦h L23 = L12#L23 ∼ L12 ◦ L23 are isomorphic in Mor1Symp(M1,M3) in the sense
of Remark 3.1.7: We have α ◦v β = idL12#L23 and β ◦v α = idL12◦L23 for some
2-morphisms α ∈ Mor2Symp(L12#L23, L12 ◦ L23), β ∈ Mor2Symp(L12 ◦ L23, L12#L23).
The last item ensures that the symplectic category Symp1 := Symp#/∼ of Defini-
tion 2.2.2 and Example 3.1.6 and the quotient |Symp| = Symp/∼ as in Remark 3.1.7
of the symplectic 2-category by isomorphisms are related by a functor
Symp1 → |Symp|, M 7→M, MorSymp#/∼ 3 [L] 7→ [L] ∈ Mor1Symp/∼
since equivalence ∼ in MorSymp# implies isomorphism ∼ in Symp. This functor is full,
i.e. surjective on morphism spaces, but it is not faithful, i.e. injective, since general-
ized Lagrangians L in the symplectic 2-category may be Floer-theoretic isomorphic
without being related by embedded geometric compositions. In fact, the difference
can already be seen for simple Lagrangians L,L′ ⊂M−×N , which are equivalent in
MorSymp#(M,N) only if they are identical, but whenever L
′ = φ(L) is the image of L
under a Hamiltonian symplectomorphism φ : M →M , then standard Floer theoretic
arguments show that L ∼ L′ are isomorphic as 1-morphisms in Mor1Symp(M,N).
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Remark 3.5.2 (Adjoints and quilted composition maps in Symp). The symplectic
2-category has adjoints as follows:
• For a Lagrangian30 L ⊂M−0 ×M1 the adjoint 1-morphism LT ⊂M−1 ×M0 is given
by the image of L under transposition of factors M0 ×M1 →M1 ×M0.
• For a general 1-morphism L = (L01, . . . , L(k−1)k) ∈ Mor1Symp(M,N) the adjoint is
given by reversal and transposition, LT = (LT(k−1)k, . . . , L
T
01) ∈ Mor1Symp(N,M).
• Duality for L ∈ Mor1Symp(M,N) is guaranteed by the identity elements
XL := idL = idLT ∈ HF (L#LT ), XTL := idL = idLT ∈ HF (LT#L)
since the quilted Floer homology in [80] has canonical cyclic symmetries
HF (L#LT ) = Mor2C(1M , L ◦h LT ) = Mor2C(L,L)
= HF (LT#L) = Mor2C(L
T ◦h L, 1N) = Mor2C(LT , LT )
which identify these morphism spaces and their identity elements idL, idLT defined
in [84], so that the required identities reduce to the compatibility of horizontal and
vertical composition with identities,(
XL ◦h idL
) ◦v (idL ◦h XTL ) = idL, (idLT ◦h XL) ◦v (XTL ◦h idLT ) = idLT .
Moreover, Symp is a quilted 2-category whose quilted composition maps
ΦQD : ⊗e∈E−QHF (Le)→ HF (Le+)
are defined in [82], which also proves the axioms for quilted cylinders and gluing
of diagrams by standard Floer theoretic arguments. However, strip and annulus
shrinking – as required in Definition 3.4.9 for a quilted 2-category – requires the
adiabatic limit analysis in [83], which may be obstructed by a novel “codimension 0
in the boundary” singularity – figure eight bubbles.
Remark 3.5.3 (PDE associated to quilt diagrams in Symp). The key step in the
construction [82] of quilted composition maps is to associate to every quilt diagram
QD = (Q, (MP )P∈PQ , (LS)S∈SQ) an elliptic PDE as follows:
• A patch P labeled by a symplectic manifold MP is represented by a pseudoholo-
morphic map uP : P̂ →MP whose domain is the oriented 2-manifold P̂ that covers
the closure P ⊂ Q2rQ0 as in Remark 3.4.7.
• A seam S labeled by a Lagrangian submanifold LS ⊂M−P−S ×MP+S is represented by
a Lagrangian seam condition: The map uP−S
|S × uP+S |S : S →M
−
P−S
×MP+S induced
by boundary restrictions of the pseudoholomorphic maps associated to the adjacent
patches is required to take values in LS.
• A seam S ' R labeled by a sequence of Lagrangians Li(i+1) ⊂M−i ×Mi+1 which form
a general 1-morphism L = (L01, . . . , L(k−1)k ∈ Mor1Symp(MP−S ,MP+S ), represents
pseudoholomorphic strips ui : R× [0, 1]→Mi for i = 1, . . . , k − 1 with Lagrangian
seam conditions (ui|{1}×R × ui+1|{0}×R)(R) ⊂ Li(i+1) and
(uP−S
|S × u1|{0}×R)(R) ⊂ L01, (uk−1|{1}×R × uP+S |S)(R) ⊂ L(k−1)k.
30 Note that an overall sign change of the symplectic form does not affect the Lagrangian property.
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• A seam S ' S1 labeled by a general 1-morphism L represents pseudoholomorphic
annuli ui : S
1 × [0, 1]→Mi with the analogous seam conditions.
The tuple (uP )P∈PQ (together with the additional maps (ui)i=1,...k−1 from each seam
with generalized Lagrangian label) is called a pseudoholomorphic quilt.
This notion generalizes pseudoholomorphic maps u : Q → M – which arise from
quilt diagrams QD = (Q,M, ∅) that consist of a closed Riemann surface Q2 = Q
without seams or punctures, labeled by a symplectic manifold M – as well as pseu-
doholomorphic maps with Lagrangian boundary conditions u : (Q, ∂Q) → (M,L).
To build in boundary, we can for example represent the latter by a quilt diagram
QD = (Q,M,L) whose quilted surface has patches Q and Q (with reversed orienta-
tion), a seam for each boundary component of Q (identified with the corresponding
boundary component of Q), labels M for Q, pt for Q, and L for each seam.
We can moreover build in any number of punctures on boundaries, seams, or in
the interior. Note in particular that interior punctures on a patch P are associated
to the cyclic 2-morphism space Mor2Symp(1MP ) = HF (∆MP )
∼= HF (MP ), which can
be identified with the Hamiltonian Floer homology of the symplectic manifold MP .
For an introduction to Floer homology see e.g. [61, 67]. These also provide good
introductions to the technique of “counting” (very specific) moduli spaces of PDEs to
construct Floer chain complexes and chain maps between them – whose homology and
induced map on homologies are independent of choices (most notably of perturbations
that are chosen to regularize the moduli spaces).
Remark 3.5.4 (Monotonicity assumptions). Moduli spaces of pseudoholomorphic
quilts – just as moduli spaces of pseudoholomorphic curves – are rarely compact and
often do not carry a smooth structure which allows us to “count” or “integrate over”
them to define the structure maps in the symplectic 2-category. While the “Gro-
mov compactification” of these spaces (in terms of breaking of Floer trajectories and
bubbling trees of pseudoholomorphic spheres and disks; see e.g. [52, 67]) is well under-
stood, the regularization of the compactified moduli spaces still remains a challenge
in general settings (see [50] for a survey). In fact, bubbling gives actual obstructions
to the algebraic requirements for a 2-category – beginning with disk bubbling ob-
structing the definition of the 2-morphism spaces (since the Floer differential may
fail to square to zero), via additional algebraic terms in the structure equations aris-
ing from disk bubbles, to figure eight bubbles obstructing the desired isomorphism
L12#L23 ∼ L12 ◦ L23 for embedded geometric composition.
The present state of the art is that a rigorous symplectic 2-category Sympτ is
constructed in [84] by restriction to monotone or exact symplectic manifolds and
oriented Lagrangian submanifolds with minimal Maslov index ≥ 3. While the latter
assumption is made to ensure that the Floer differential squares to zero (so that
Floer homology is well defined), the monotonicity requires that the Maslov index
I(u) and symplectic area A(u) of the quilted maps u = (uP )P∈PQ are proportional
I(u) = τA(u) via a constant τ ≥ 0. This helps with excluding bubbling because
it relates Fredholm indices (i.e. expected dimension of moduli spaces) to the energy
of the solutions, so that bubbling (i.e. loss of energy) forces loss of Fredholm index
– which in the relevant moduli spaces would yield solutions of negative expected
dimension. Once these are ruled out by appropriate regularization, the bubbling can
be excluded without actually constructing the compactified moduli space. The same
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argument is used to exclude bubbling in the strip and annulus shrinking of [83] to
prove the isomorphism L12#L23 ∼ L12 ◦ L23 in Sympτ when the latter geometric
composition is embedded.
Remark 3.5.5 (Generalized notions of symplectic 2-categories). In order to extend
the construction of a symplectic 2-category to non-monotone settings, and more
generally study the relationship between the algebraic and geometric compositions
L12#L23 and L12 ◦ L23, a Gromov compactification for strip and annulus shrinking –
involving multi-level trees of pseudoholomorphic disks, figure eights, and spheres – is
constructed in [9] with the help of removable singularity results for the figure eight
bubble in [6]. By analyzing the boundary strata of the resulting compactified moduli
spaces, and supported by the upcoming Fredholm theory [7] for moduli spaces of
figure eights, we then predict a 2-categorical structure that comprises all (compact)
symplectic manifolds and Lagrangians, and in which composition of 1-morphisms is
given by geometric composition of Lagrangians. It takes the form of a curved A∞
2-category, and in fact motivates the definition of this new algebraic notion in [8].
We end this section by disclosing the categorical ignorance in the first publications
on the symplectic 2-category in [84]. While that paper painstakingly constructs a
2-functor Sympτ → Cat, this directly coincides with the Yoneda construction.
Lemma 3.5.6. The functor Sympτ → Cat constructed in [84] is identical to the
functor Fpt given by Lemma 3.3.3 with the distinguished object x0 = pt.
Similarly, [80] proves isomorphisms between quilted Floer homology groups for
cyclic 1-morphisms in Symp which are related by a geometric composition by arguing
that the adiabatic limit analysis in [83] transfers directly. In the 2-categorical setup
with adjoints, this can now be proven more directly by the categorical “local to global”
argument of Remark 3.4.5.
Remark 3.5.7 (Isomorphisms of Floer homology under geometric composition). The
“local to global” principle discussed in §2.6 and Remark 3.4.5 translates to the quilted
Floer homology groups via identifications
HF
(
L = (Li(i+1))i∈ZN
)
= Mor2Symp
(
L = (Li(i+1))i∈ZN
)
.
So for purely algebraic reasons (which are interpreted geometrically in Remark 3.5.8),
we obtain the implications
L12#L23 ∼ L12 ◦ L23 =⇒ (. . . , L12#L23, . . .) ∼ (. . . L12 ◦ L23 . . .)
=⇒ HF (. . . , L12, L23, . . .) ' HF (. . . L12 ◦ L23 . . .).
Thus to prove that quilted Floer homology is invariant (up to isomorphism) un-
der embedded geometric composition, it suffices to prove that any embedded geo-
metric composition L12 ◦ L23 as defined in (2.2.1) gives rise to an isomorphism
L12#L23 ∼ L12 ◦ L23 =: L13 between algebraic and geometric compositions. Such
local isomorphisms require the construction of quilted Floer homology classes
α ∈ Mor2Symp(L12#L23, L12 ◦ L23) = HF (L12, L23, LT13),
α−1 ∈ Mor2Symp(L12 ◦ L23, L12#L23) = HF (L13, LT23, LT12)
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that satisfy
α ◦v α−1 = idL12#L23 , α−1 ◦v α = idL13 .
To find such classes suppose that we have isomorphisms of the “local” quilted Floer
homologies under embedded geometric composition (with LT23 ◦ LT12 = (L12 ◦ L23)T ),
HF (L12, L23, L
T
13)
∼→ HF (L12 ◦ L23, LT13) = HF (L13, L13) = Mor2Symp(L13, L13),
HF (L13, L
T
23, L
T
12)
∼→ HF (L13, LT23 ◦ LT12) = HF (L13, L13) = Mor2Symp(L13, L13),
HF (L12, L23, L
T
13)
∼→ HF (L12, L23, LT23, LT12) = Mor2Symp(L12#L23, L12#L23),
HF (L13, L
T
23, L
T
12)
∼→ HF (L12, L23, LT23, LT12) = Mor2Symp(L12#L23, L12#L23),
and suppose that these isomorphisms are compatible with identities and products.
Then we may pull back the identities idL13 ∈ Mor2Symp(L13, L13) and idL12#L23 ∈
Mor2Symp(L12#L23, L12#L23) to obtain two well defined classes α, α
−1 as required,
α ◦v α−1 = idL12#L23 ◦v idL12#L23 = idL12#L23 , α−1 ◦v α = idL13 ◦v idL13 = idL13 .
Finally, we will clarify some confusions regarding the generality and possible ob-
structions to the isomorphism of Floer homology under geometric composition.
Remark 3.5.8 (Genearlized Floer isomorphisms under geometric composition). The
isomorphism L12#L23 ∼ L12 ◦ L23 should generalize directly to exact noncompact
settings as long as the Lagrangians have a conical structure near infinity that allows
one to use maximum principles to guarantee compactness. An application to the
construction of a Floer field theory that extends the link invariants [68] was proposed
in [60] but unfortunately seems to be lacking this conical structure.
On the other hand, extensions of this isomorphism to negative monotone settings
announced in [39] overlooked obstructions arising from Morse-Bott trajectories.31 In
fact, these obstructions are homotopically identical to the figure eight bubbles conjec-
tured in [83] and established in [9], so that true generalizations of this isomorphism
are expected only from the compactification and Fredholm theory for figure eight
bubbles in [6, 7, 9], towards capturing the obstructions algebraically. It is however
worthwhile to discuss the approach by Matthias Schwarz which [39] attempted to im-
plement: It is a geometric version of the “local to global” approach in Remark 3.5.7,
31 The published version of [39] erroneously claims in Lemmas 11, 14 that “bubbling at the Morse-
Bott end” is captured in topologically in terms of a pair of disks with boundary on L01 and L12. This
is generally false, with the first mistake being that a resolution of the L02 = L01 ◦ L12 seam yields
a quilt with seam conditions in the order (L01, L12, L
T
12, L
T
01) instead of (L01, L12, L01, L12) which
in fact is nonsensical unless M0 = M2. Second, one should note that folding of the quilt indeed
yields a strip in “M = M0 ×M1 ×M1 ×M2” with both boundary conditions given by Lagrangian
embeddings of L01 × L12, but the correct symplectic structure on M is (ω0,−ω1,−ω1, ω2), and the
two embeddings differ by a permutation of the two M1 factors. Finally, even if torsion assumptions
would allow to deform a Morse-Bott trajectory of positive symplectic area into a sum of disk classes,
these are generally no longer pseudoholomorphic. Now one should note that a + b > 0 6⇒ a, b > 0,
so that even in the torsion case it does not suffice to exclude disks of positive area.
Thus the published arguments in [39] are insufficient to exclude breaking at the Morse-Bott end
in any case other than exactness, and its Theorem 3 – the isomorphism in the new case of negative
monotonicity – is in the corrigendum only claimed under the additional assumption of “absence of
quantum contributions to the Morse-Bott differential” as discussed below.
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which aims for an explicit construction of a direct homomorphism
(3.5.1) HF (. . . , L12, L23, . . .)→ HF (. . . , L13, . . .)
from a relative quilt invariant with canonical asymptotics at a Morse-Bott end for the
cyclic 1-morphism (L12, L23, L
T
13). This corresponds to a map β 7→ ΦQD(β, α) given
by plugging a canonical element α into a quilted composition map
ΦQD : HF (. . . , L12, L23, . . .)⊗HF (L12, L23, LT13)→ HF (. . . , L13, . . .)
that arises from the quilt diagram in Figure 28.
Figure 28. The isomorphism HF (. . . , L12, L23, . . .) ' HF (. . . L12 ◦
L23 . . .) in Remark 3.5.7 arises from a quilted Floer homology class
α ∈ HF (L12, L23, LT13) via the quilted composition map induced by the
above quilt diagram.
Using the classes α, α−1 from Remark 3.5.7, we obtain an inverse γ 7→ ΦQD′(γ, α−1)
to (3.5.1) from
ΦQD′ : HF (. . . , L13, . . .)⊗HF (L13, LT23, LT12)→ HF (. . . , L12, L23, . . .),
a quilted composition map arising from another quilt diagram QD′ that is obtained
by reflecting QD. Indeed, QD,QD′ glue – in two orders, one of which is shown
in Figure 29 – to diagrams which also correspond to the gluing of quilt diagrams
QD′′,QD′′′ with the string diagram for ◦v. Moreover, if in the latter gluings we
replace the ◦v diagram with the string diagram for the corresponding identity, then
the glued diagram is a quilted cylinder. Now the gluing and cylinder axioms imply
ΦQD′
(
ΦQD(β, α), α−1
)
= ΦQD′′(β, α ◦v α−1) = ΦQD′′(β, idL12#L23) = β,
ΦQD
(
ΦQD′(γ, α−1), α
)
= ΦQD′′′(γ, α−1 ◦v α) = ΦQD′′′(β, idL13) = γ,
which proves that (3.5.1) is an isomorphism. The Morse-Bott end amounts to an
implicit construction of α := [L13] ∈ HF (L12, L23, LT13) from the fundamental class of
L13 and an identification of the chain groups (but not the differentials) which yield
the Floer homology resp. the Morse homology of the Lagrangian intersection,
CF (L12, L23, L
T
13) ' CM(∩(L12, L23, LT13)) ' CM(L13).
The resulting Morse homology HM(L13) is isomorphic to singular homology of L13
since the Lagrangian intersection is diffeomorphic to L13 = L12 ◦ L23,
∩(L12, L23, LT13) = (L12 × L23 × LT13) ∩ (∆M1 ×∆M2 ×∆M3)T
∼= ((L12 ◦ L23)× LT13) ∩ (∆M1 ×∆M3)T ∼= L13.
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Figure 29. The identity ΦQD′(ΦQD(β, α), α−1) = β follows from
applying the gluing, deformation, and cylinder axioms for the quilted
composition maps and the identity α ◦v α−1 = idL12#L23 .
Schwarz proposed to prove that (3.5.1) is an isomorphism by arguing that it has
“upper triangular form”, but also observed that the crucial step is to construct a
chain map in the first place that induces (3.5.1), which amounts to showing that
α = [L13] lies in the kernel of the Floer differential. The only cases beyond the mono-
tone case covered in [83] in which this is claimed to be known at this point (after
correction of [39]) are those in which not just the generators but also the differentials
of the chain complexes CF (L13, L
T
23, L
T
12), CF (L12, L23, L
T
23, L
T
12), CF (L12, L23, L
T
13),
CF (L13, L13) all agree with the Morse chain complex CM(L13). In other words, we
assume absence of quantum contributions to the Floer-Bott differential.32 On the
one hand, this allows one to define α := [L13] ∈ HF (L12, L23, LT13) and thus obtain
a homomorphism (3.5.1). On the other hand, this also completes the two previous
algebraic arguments for the isomorphism in simple ways that require neither [83]
nor [39]. In Remark 3.5.7, an absence of quantum differentials yields the required
identification (compatible with composition and identities) of Floer homologies (in a
Morse-Bott setup in which only Morse trajectories contribute) HF (L13, L
T
23, L
T
12) '
32 In the corrigendum to [39], this assumption is misleadingly labeled “additional monotonicity”.
While (exact / positive / negative) monotonicity assumptions for the relevant quilted Floer cylinders
also had to be added, the crucial extra assumption in the negative monotone case is that solutions
of positive energy (i.e. possible quantum differentials) have sufficiently negative Fredholm index –
exactly such that their occurrence in the Floer-Bott differential can be excluded by transversality.
FLOER FIELD PHILOSOPHY 71
HF (L12, L23, L
T
23, L
T
12) ' HF (L12, L23, LT13) ' HF (L13, L13). In the above construc-
tion of a direct homomorphism (3.5.1), the absence of quantum differentials yields α
(as above) and α−1 := [L13] ∈ HF (L13, LT23, LT12) so that α ◦v α−1 = [L13] ∩ [L13] =
[L13] = idL12#L23 and α
−1 ◦v α = [L13] ∩ [L13] = [L13] = idL13 .
The bottom line is that we do not get around proving – implicitly or explicitly –
the isomorphism L12#L23 ∼ L12 ◦ L23 as 1-morphisms in the symplectic 2-category.
3.6. Gauge theoretic 2-categories and quilted Atiyah Floer conjectures.
This section takes the quilt diagram approach in the construction of the symplectic
2-category and applies it to the gauge theoretic ASD Yang-Mills PDE to obtain pro-
posals for various 2-categories which mix gauge theoretic, symplectic, and topological
data. On the one hand, this categorical framework allows us to rigorously apply the
abstract ”local to global” approach of Remark 3.4.5 to Atiyah-Floer type conjectures,
as already sketched in Remark 2.6.4; also see (2.6.1). On the other hand, it yields
various approaches to constructing 2+1+1 Floer-type field theories Borconn2+1+1 → Cat,
which in turn leads us to formulate quilted Atiyah-Floer conjectures relating them.
Throughout, we fix a compact Lie group G and should also fix bundle types via
characteristic classes. Ideally, this would avoid reducible connections as in the case
of nontrivial SO(3)-bundles over 3-manifolds. However, this cannot generally be
achieved in a coherent fashion when manifolds are decomposed to yield a field theory.
Moreover, the Donaldson invariants of 4-manifolds [15, 17] – defined for G = SU(2) or
G = SO(3) – successfully deal with reducibles by encoding them as ends of the ASD
moduli spaces, which yields a polynomial structure. On the other hand, instanton
Floer homology for 3-manifolds [22] is currently only constructed in the absence of
reducibles (using trivial SU(2)-bundles over homology 3-spheres, or nontrivial SO(3)-
bundles), and thought to require an equivariant theory to deal with reducibles. For
the following we will assume that such theories can be constructed from the same
ASD moduli spaces. Then the 3+1 field theory outlined by Donaldson [16] for 4-
cobordisms between appropriate 3-manifolds should have a refinement to 2+1+1 di-
mensions which can be cast as the following 2-category.
Example 3.6.1. The Donaldson 2+1 bordism 2-category DBor should consist
of:
• Objects in ObjDBor := ObjBor2+1+1 are closed oriented surfaces Σ.
• 1-morphisms in Mor1DBor(Σ+,Σ−) := Mor1Bor2+1+1(Σ+,Σ−) are 3-cobordism Y with
boundary collars ι± : [0, 1]× Σ± → Y as in Example 3.2.1.
• Horizontal 1-composition is gluing Y01 ◦h Y12 :=
(
Y01 unionsq Y12
)
/ι+01(s, x) ∼ ι−12(s, x) as
in Example 3.2.1.
• 2-morphisms in Mor2Dbor(Y, Y ′) := HFinst(#(Y, Y ′)) for Y, Y ′ ∈ Mor1DBor(Σ+,Σ−)
are instanton Floer homology classes constructed analogous to [22, 16] on the closed
3-manifold #(Y, Y ′) :=
(
Y − unionsq Y ′)/ι±Y ∼ ι±Y ′ obtained by reversing the orientation
of Y and gluing at both incoming and outgoing boundaries.
• Vertical and horizontal composition of 2-morphisms and idY ∈ Mor2SympG(Y, Y )
arise from the ASD moduli spaces representing the associated string diagrams; see
below.
Here we associate to every quilt diagram QD = (Q, (ΣP )P∈PQ , (YS)S∈SQ) an elliptic
PDE as follows:
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• A patch P labeled by a surface Σ is represented by a connection ΘP ∈ A(P̂ × Σ)
satisfying the ASD equation FΘP + ∗FΘP = 0. Here P̂ is an oriented 2-manifold
that covers the closure P ⊂ Q2rQ0 as in Remark 3.4.7.
• A seam S labeled by a 3-cobordism YS ∈ Bor2+1(ΣP−S ,ΣP+S ) is represented by a
connection ΘS ∈ A(S × Y ) satisfying the ASD equation FΘS + ∗FΘS = 0 and
diagonal seam condition: The restrictions of the connections ΘP−S
,ΘP+S
for the
adjacent patches P±S ∈ PQ′ to the boundary slices {s}×ΣP±S for s ∈ S are required
to coincide with ΘS|{s}×∂Y over ∂Y = Σ−P−S unionsq ΣP+S .
Up to challenges with reducibles, this should yield a quilted 2-category DBor with
adjunction given by orientation reversal as in Lemma 3.4.11. Note in particular
that the matching conditions for the connections at the seams, after applying an
appropriate gauge transformation, simply become a smooth extension on the glued
4-manifolds. Thus the moduli space constructed here is the moduli space of ASD
connections on the 4-manifold constructed in Lemma 3.4.11 from the quilt diagram(Q, (ΣP )P∈PQ , (YS)S∈SQ) in Bor2+1+1. We may replace the boundary and corners
of this 4-manifold at each end e ∈ E±Q by a cylindrical end over the 3-manifold
#(Y e) :=
(⊔
i∈ZNe YSi
)
/ι+YSi
∼ ι−YSi+1 that is obtained by gluing the components of
the cyclic 1-morphism Y e = (YSi)i∈ZNe associated to this end. Then the quilted
composition map should be given by the relative Donaldson invariant for the resulting
4-manifold with cylindrical ends,
ΦQD : ⊗e∈E−Q Mor
2
C(Y e) = HF (#(Y e))→ HF (#(Y e+)) = Mor2C(Y e+).
Next, we build an analogous target 2-category for the infinite dimensional Floer
field theory outlined in Example 2.5.2. In order to obtain differentiable structures
this requires the choice of an integrability constant p > 2.
Example 3.6.2. The symplectic instanton 2-category SIn should consist of:
• Objects are closed, oriented surfaces Σ – thought to represent the symplectic Banach
space A(Σ) = Lp(Σ,T∗Σ⊗ g) of trivial G-connections on Σ.
• 1-morphisms L = (L01, . . . ,L(k−1)k) ∈ Mor1SIn(Σ,Σ′) are chains of Lagrangian sub-
manifolds Lij ⊂ A(Σi)−×A(Σj) = A(Σ−i unionsqΣj) in the symplectic spaces of connec-
tions over a chain of surfaces Σ = Σ0,Σ1, . . . ,Σk = Σ
′, which are gauge invariant,
G(Σ−i unionsq Σj)∗Lij = Lij.
• Horizontal composition of 1-morphisms L ◦h L′ := L#L′ is defined by concatena-
tion (. . . ,L(k−1)k)#(L′01, . . .) := (. . . ,L(k−1)k,L′01, . . .), with identities 1Σ = ( ) ∈
Mor1SIn(Σ,Σ) for ◦h given by trivial chains.
• 2-morphisms in Mor2SIn(L,L′) := HFinst(L,L′) are the elements of quilted instanton
Floer homology groups [63] outlined below.
• Vertical and horizontal composition of 2-morphisms and idL ∈ Mor2SIn(L,L) arise
from ASD quilts representing the associated string diagrams; see below.
Up to challenges with reducibles, this approach should yield a quilted 2-category with
adjunction given by transposition analogous to Remark 3.5.2. As in Remark 3.5.3 the
key step is to associate elliptic PDEs to quilt diagramsQD = (Q, (ΣP )P∈PQ , (LS)S∈SQ).
For that purpose we first replace any seam labeled by a sequence of Lagrangians
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Li(i+1) ⊂ A(Σi)− ×A(Σi+1) with strips resp. annuli labeled by the Σi and seams be-
tween them labeled by the simple Lagrangians Li(i+1). Then the new quilt diagram
QD′ = (Q′, . . .) determines a moduli space of ASD quilts (ΘP )P∈PQ′ , which satisfy
the following PDE:
• A patch P labeled by a surface Σ is represented by a connection ΘP ∈ A(P̂ × Σ)
satisfying the ASD equation FΘP + ∗FΘP = 0.
• A seam S labeled by a Lagrangian submanifold LS ⊂ A(ΣP−S )
− × A(ΣP+S ) is
represented by a Lagrangian seam condition: The restrictions of the connections
ΘP−S
,ΘP+S
for the adjacent patches P±S ∈ PQ′ to the boundary slices {s} ×ΣP±S for
s ∈ S induce connections (ΘP−S ,ΘP+S )s ∈ A(ΣP−S )
− × A(ΣP+S ), which are required
to lie in LS.
These moduli spaces can be given compactifications and Fredholm descriptions by the
nonlinear elliptic analysis for ASD connections with Lagrangian boundary conditions
that is developed in [74, 75] for 4-manifolds with boundary space-time splitting such
as
⊔
P∈PQ′ P × ΣP . They should hence induce quilted composition maps
ΦQD : ⊗e∈E−Q Mor
2
SIn(Le)→ Mor2SIn(Le+),
where the cyclic 2-morphism spaces Mor2SIn(L) = HFinst(L) for cyclic 1-morphisms
L = (Li(i+1))i∈ZN are defined to be the quilted instanton Floer homology. The latter
is the homology of a Floer complex whose differential arises from moduli spaces of
ASD quilts on a quilted cylinder with seam conditions in the Li(i+1) (modulo an
overall R-shift). This also defines the usual 2-morphisms of pairs of 1-morphisms
L = (L(i−1)i)i=1...k,L′ = (L′(i−1)i)i=1...k′ ∈ Mor1SIn(Σ,Σ′),
Mor2SIn(L,L′) := HFinst(L,L′) := HFinst(#(L,L′)),
by concatenation to a cyclic 1-morphism indexed by Zk+k′
#(L,L′) := (LT(k−1)k, . . . ,LT01,L′01, . . . ,L′(k′−1)k′).
A first case of instanton Floer theory with Lagrangian boundary conditions is devel-
oped in [63] to construct a Floer homology HFinst(Y,L) for pairs of a 3-manifold Y
with boundary and a Lagrangian L ⊂ A(∂Y ), using ASD connections Θ ∈ A(R×Y )
with boundary conditions Θ|{s}×∂Y ∈ L ∀s ∈ R. It requires an exclusion of non-
trivial reducible connections, as is guaranteed for pairs (Y,LH) when Y ∪Σ H is a
homology 3-sphere (i.e. has the same homology with integer coefficients). For more
general pairs, an equivariant Floer homology would be required to deal with the re-
ducible flat connections on Y with boundary restriction in L. Apart from dealing
with the reducibles, the quilted setup above with Li(i+1) ⊂ A(Σi)− × A(Σi+1) can
be reformulated as the instanton Floer theory with Lagrangian boundary conditions
HFinst(L) = HFinst
(unionsqN−1i=0 [0, 1]× Σi, (Li(i+1))i∈ZN).
For the quilted Atiyah-Floer Conjectures 3.6.4 we will restrict to the topologically
generated part of this 2-category: The symplectic instanton 2+1 bordism 2-
category SIn2+1 is given as above with the restriction that the gauge invariant
Lagrangian submanifolds Lij = L(Yij) ⊂ A(Σi)− × A(Σj) = A(Σ−i unionsq Σj) must be
those associated in Example 2.5.2 to handle attachments Yij ∈ Mor1Bor2+1+1(Σi,Σj).
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The analogous 2-category associated to the finite dimensional Floer field theory
arising from G-representation spaces as outlined in Example 2.5.4 is a restriction of
the symplectic 2-category as follows.
Example 3.6.3. The symplectic 2+1 bordism 2-category of G-representations,
SympG2+1, is given by the topologically generated part of Symp in Example 3.5.1, as
follows.
• Objects are the symplectic representation spaces MΣ of Example 2.5.4.
• 1-morphisms L = (L01, . . . , L(k−1)k) ∈ Mor1SympG2+1(MΣ,MΣ′) are chains of La-
grangian submanifolds Lij = LYij ⊂ M−Σi × MΣj which were associated in Ex-
ample 2.5.4 to handle attachments Yij ∈ Mor1Bor2+1+1(Σi,Σj).
• Horizontal composition of 1-morphisms L ◦h L′ := L#L′ is concatenation as in
Symp, with identities 1MΣ = ( ) ∈ Mor1SympG2+1(MΣ,MΣ) given by trivial chains.
• 2-morphism spaces Mor2SympG2+1(L,L
′) := HF (L,L′) are quilted Floer homology.
• Vertical and horizontal composition of 2-morphisms and idL ∈ Mor2SympG2+1(L,L)
arise from pseudoholomorphic quilts representing the associated string diagrams as
in Remark 3.5.3.
Here the challenge of reducibles is more severe since it leads to singular symplectic
spaces MΣ. However, working for example with nontrivial bundles as in Remark 2.5.5
yields a quilted 2-category with adjunction given by transposition as in Remark 3.5.2
– as a subcategory of the monotone symplectic 2-category Sympτ .
Along with these three gauge theoretic 2-categories C = DBor, SIn2+1, SympG2+1 we
have three proposals for Floer field theories via functors Bor2+1 → C, to the 1-category
level of one of these 2-categories:
• Bor2+1 → SympG2+1 is determined by the G-representation spaces Σ 7→ MΣ and
Y 7→ LY in Example 2.5.4.
• Bor2+1 → SIn2+1 is determined by the G-connection spaces Σ 7→ A(Σ) and Y 7→ LY
in Example 2.5.2 .
• Bor2+1 → DBor2+1 is determined by Σ 7→ Σ and Y 7→ Y .
The Floer field theory extension principle outlined in Conjecture 3.4.12 should yield
natural extensions Bor2+1+1 → C → Cat for each of these, after making coherent
choices of bundles as in Remark 2.5.5 or otherwise resolving the challenge of re-
ducibles. (This may require a restriction to the connected bordism category.) Now
the natural extension of the Atiyah-Floer Conjectures 2.6.1 and 2.6.2 for Heegaard
splittings and cyclic Cerf decompositions is the following for Donaldson theory.
Conjecture 3.6.4 (Quilted Atiyah-Floer conjecture). The three extended Floer field
theories Bor2+1+1 → SympG2+1, Bor2+1+1 → SIn2+1, Bor2+1+1 → DBor2+1 arising
from appropriate G-bundles induce isomorphic 2-functors Bor2+1+1 → Cat.
Note here that the last extended Floer field theory Bor2+1+1 → DBor2+1 → Cat
should comprise the Donaldson invariants of 4-manifolds, as is visible not from the
essentially trivial generating Floer field theory Bor2+1 → DBor2+1, but from the 2-
morphism level of the target 2-category DBor2+1. Analogous conjectures can be made
for Seiberg-Witten theory and have been partially proven in [37].
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Remark 3.6.5 (Quilted Atiyah-Floer conjecture for Seiberg-Witten-Heegaard-Floer
theory). Example 2.5.6 should induce a Floer field theory Bor2+1 → Sympsymm2+1 to a
subcategory of Sympτ ; both being generated by symmetric products Σ 7→ Symg+nΣ
and Yα 7→ Lα. Another Floer feld theory Bor2+1 → SWBor2+1 should arise from the
partial functor Σ 7→ Σ and Y 7→ Y to a 2-category defined as in Example 3.6.1, with
instanton Floer theory resp. Donaldson invariants replaced by monopole Floer theory
resp. Seiberg-Witten invariants.
Now the two resulting extended Floer field theories Bor2+1+1 → Sympsymm2+1 and
Bor2+1+1 → SWBor2+1 should induce isomorphic 2-functors Bor2+1+1 → Cat.
Finally, we will outline two further 2-categories which will serve to compare the
above 2-categories and related Floer field theories, by embedding both into a “convex
span”. The first will serve to compare Don with SIn.
Example 3.6.6. The instanton Atiyah-Floer 2-category InAF should consist
of:
• Objects are closed, oriented surfaces Σ.
• MorInAF(Σ,Σ′) combines MorSIn(Σ,Σ′) and MorDon(Σ,Σ′) as follows:
– 1-morphisms are chains f = (fi(i+1))i=0,...k−1 of morphisms between surfaces Σ =
Σ0,Σ1, . . . ,Σk = Σ
′, where for each i = 0, . . . k − 1 we either have fi(i+1) =
Li(i+1) ∈ Mor1SIn(Σi,Σi+1) a gauge invariant Lagrangian submanifold of A(Σi)−×
A(Σi+1), or fi(i+1) = Yi(i+1) ∈ Mor1Don(Σi,Σi+1) a 3-cobordism.
– Mor2InAF(f, g) := HFinst(f, g) is the quilted instanton Floer homology group aris-
ing from quilted cylinders with seams labeled by the entries of f, g.
– Vertical composition ◦v and its identities idf ∈ Mor2InAF(f, f) arise from moduli
spaces of ASD quilts representing the associated string diagrams.
• The composition functor MorInAF(Σ,Σ′) × MorInAF(Σ′,Σ′′) → MorInAF(Σ,Σ′′) is
defined by concatenation f ◦h f ′ := f#f ′ on 1-morphisms, with identities given by
trivial chains 1Σ = ( ) ∈ Mor1InAF(Σ,Σ), and horizontal 2-composition arises from
moduli spaces of ASD quilts representing the associated string diagram.
The quilt diagrams here are represented by the same moduli spaces of ASD quilts
as in Example 3.6.2, where as in Example 3.6.1 a seam S labeled by a 3-cobordism
YS represents an ASD connection ΘS ∈ A(S × Y ) that matches (slice-wise, or com-
pletely after gauge) with the restrictions of the connections ΘP−S
,ΘP+S
for the adjacent
patches. Up to challenges with reducibles, this should yield a quilted 2-category with
adjunction given by transposition as in Remark 3.5.2.
The final outline of a 2-category is the “convex span” of Don with SympG2+1, after
which one can easily imagine a combination of SIn with SympG2+1, or a 2-category
comprising all three of the basic gauge theoretic 2-categories Don, SIn, SympG2+1.
Example 3.6.7. The Atiyah-Floer 2-category AtFl roughly consists of the fol-
lowing.
• Objects in ObjAtFl = ObjDon ∪ObjSympG2+1 are either closed, oriented surfaces Σ or
symplectic representation spaces MΣ associated to a surface as in Example 2.5.4.
• MorAtFl(Σ,Σ′) extends MorSympG2+1(MΣ,MΣ′) and MorDon(Σ,Σ′) as follows:
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– Simple morphisms all arise from 3-cobordisms Y ∈ Mor1Bor2+1+1(Σ,Σ′), but de-
pending on the type of objects they relate, they appear as
∗ 3-cobordisms Y ∈ SMorAtFl(Σ,Σ′) := Mor1Don(Σ,Σ′),
∗ Lagrangians LY ∈ SMorAtFl(MΣ,MΣ′) := Mor1SympG2+1(MΣ,MΣ′),
∗ Lagrangians LY /G(Σ′) ⊂ A(Σ)− ×MΣ′ in SMorAtFl(Σ,MΣ′),
∗ Lagrangians LY /G(Σ) ⊂M−Σ ×A(Σ′) in SMorAtFl(MΣ,Σ′).
Here the three types of Lagrangians are only associated to handle attachments
Y , and the last two types are projections of the gauge invariant Lagrangian
LY ⊂ A(Σ)×A(Σ′) from Example 2.5.2, which by construction lies in the flat con-
nections, L ⊂ Aflat(Σ)×Aflat(Σ′), so that quotienting by the gauge group on the
first factor yields a projection to the representation space MΣ = Aflat(Σ)/G(Σ).
The same goes for projection in the second factor, and projecting in both factors
yields LY = LY /(G(Σ)× G(Σ′)).
– 1-morphisms are chains f = (fi(i+1))i=0,...k−1 which consist of simple morphisms
fi(i+1) ∈ SMorAtFl(xi, xi+1) for a sequence x0, . . . , xk−1 ∈ ObjAtFl of objects, i.e. a
sequence in which each entry is of one of the types Yi(i+1), LYi(i+1) , LYi(i+1)/G(Σi),
LYi(i+1)/G(Σi+1) for a chain of 1-morphisms Yi(i+1) ∈ Mor1Bor2+1+1(Σi,Σi+1).
– Mor2AtFl(f, g) := HFinst(f, g) is the quilted instanton Floer homology group aris-
ing from quilted cylinders with seams labeled by the entries of f, g.
– Vertical composition ◦v and its identities idf ∈ Mor2AtFl(f, f) arise from moduli
spaces of ASD quilts representing the associated string diagrams.
• The composition functor MorAtFl(x, x′)×MorAtFl(x′, x′′)→ MorAtFl(x, x′′) is defined
by concatenation f ◦h f ′ := f#f ′ on 1-morphisms, with identities given by trivial
chains 1Σ = ( ) ∈ Mor1AtFl(x, x), and horizontal 2-composition arises from moduli
spaces of ASD quilts representing the associated string diagram.
The quilt diagrams here are represented by a coupling of the pseudoholomorphic and
ASD moduli spaces in Examples 3.5.1 and 3.6.1 via Lagrangian seam conditions sim-
ilar to those in Example 3.6.2. Combining the PDE representations from those con-
structions, it remains to give PDE meaning to seams labeled with simple morphisms
in SMorAtFl(MΣ,Σ
′) or SMorAtFl(Σ,MΣ′). Since these are related by transposition, it
suffices to consider the first:
• A seam S with adjacent patches P±S ∈ PQ′ labeled by a Lagrangian subman-
ifold LYS/G(ΣP−S ) ⊂ M
−
Σ
P−
S
× A(ΣP+S ) is represented by a seam condition be-
tween the pseudoholomorphic map uP−S
: P̂−S → MΣP−
S
and the ASD connection
ΘP+S
∈ A(P̂+S × ΣP+S ). Their restrictions to the seam induce a map
S →M−Σ
P−
S
×A(ΣP+S ), s 7→ (uP−S (s),ΘP+S |{s}×ΣP+S ),
which is required to take values in LYS/G(ΣP−S ).
For this to rigorously define a quilted 2-category with adjunction given by transpo-
sition as in Remark 3.5.2, one again has to resolve the challenge of reducibles by
e.g. working with nontrivial bundles as in Remark 2.5.5. Once the symplectic spaces
MΣ are all smooth, the analytic setup for ASD connections with Lagrangian bound-
ary conditions in Example 3.6.2 directly transfers to prove the basic Fredholm and
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compactness properties for these moduli spaces.33 An exposition of the compactness
results in an explicitly quilted setting can be found in [43].
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